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Abstract

In the paper published in Duke Math. J. 1993, Y. Wen studied a second-
order parabolic equation for inextensible elastic closed curves in R? toward
inextensible elasticae. In this article, we extend Wen’s result to the case of
open inextensible planar curves with hinged ends. We obtain the long time
existence of smooth solutions when the initial curves fulfill certain regular
conditions.

1 Introduction

One of the simplest mathematical settings in elastic mechanics is the so-called
Euler-Kirchhoff theory (e.g., see [3] or [17]). The other example is the mechan-
ics of ribbons and MGobius strips (e.g., see [25]), which recently has attracted
more and more attention. These simple mechanical models providing challenging
mathematical problems, e.g., in the calculus of variations and related dynamical
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theory. One of the simpler dynamical theory is gradient flows motivated from geo-
metric variational functionals. They are often called geometric flows and can also
be viewed as over-damped dynamics of mechanical objects, when the geometric
objects are related to mechanics.

Geometric flows for open curves associated with energy functional of higher-
order derivatives have appeared in various research topics, for examples, higher-
order variational problems in differential geometry (e.g., [4], [28]) and geometric
control theory (e.g., [13]); interpolation problems of curves in computer-aided
geometric design (e.g., [5], [12], [20]); mechanical modeling of polymers (e.g.,
mechanical modeling of DNA molecules [24] and filaments in biological cells [22]).
These functionals are often related to certain Sobolev norms of the first-order
(e.g., stretching energy) and second-order derivatives (e.g., bending energy) of
curves. The long-term existence of solutions of the so-called curve-straightening
flow, using min-max method, has been established in the literature (e.g., [15] on
planar or spatial curves and [16] on curves in a Riemannian manifold). Their min-
max method works for the case of either open or closed curves. On the contrary,
in the parabolic PDE approach, the long-time existence of smooth solutions has
also been established for closed curves, e.g., in [9], [14], [23], [27]. There are
however very few papers discussing the case of open curves in the PDE setting
until recent years. To the best of our knowledge, they include: the 4th-order
flow of elastic curves with a positive stretching coefficient and clamped ends in
[18]; the 4th-order flow of anisotropic elastic curves with a positive stretching
coefficient and hinged ends in [7]; the 4th-order flow of elastic curves with fixed
length and hinged ends in [8]; the 4th-order flow of elastic inextensible planar
curves with hinged ends or infinite length in [21].

Let f : I = [0, L] — R? be an open planar curve, L > 0 represent the total
length of f, and s € I = [0, L] be the arclength parameter of f. The curve is
still said to be open even if f(0) = f(L), since there is no regular conditions

assumed at end points (e.g., we don’t assume 2@; (0) = %(L)). Denote by T' = %

the tangent vector of f and by k = ‘227{ the curvature vector of f. The bending
energy of planar curves is defined by

el = [ 5 Iul* ds (L.1)

1

A regular planar curve fy : I — R? is said to be inextensible if its deformations



are restricted to the class
Dy, =

{f € C=(I x (—1,1),R?) : f(5,0) = fo, %(5,5) =1,Vsel,Vee (—1,1)}.

Suppose f(0) =p—, f(L) =p+ and L > [py —p_|.

The family of inextensible planar curves with fixed length L and fixed end
points p_,p4 can be equivalently described by the family of tangent vectors
T:1x(-1,1) — St (1) c R? fulfilling the constraint

/ T (s,e) ds=py —p_ = Ap (1.2)
I

for all fixed € € (—1,1). The admissible set
Appp ={T € C=([0,L],S* (1)) : T satisfies (1.2)} (1.3)

gives a family of inextensible planar curves with fixed length L and fixed end
points p_,p;+. Therefore, instead of working with planar curves and their func-
tional £, we may equivalently consider tangent indicatrices and their functional
Frop: Arap = R,

1 .
Fr.np [T] = / §|8ST|2 ds—+ \- / T ds— Ap (1.4)
I I

where X = (A1, A2) is the R%-valued Lagrange multiplier.
In this article, we investigate the parabolic equation of tangent vector T'

T = V2T — (X, TH)T+ (1.5)
with hinged boundary condition
Klgr = 0 (1.6)

and certain regular initial data Ty = Tj,—p (see Theorem 1 for details). The
equation (1.5) is the L% flow of Fr.np in the class Af ap. Our result extends
the work of Y. Wen [26] from the case of closed planar curves to that of open
planar curves with hinged boundary conditions and sufficiently smooth initial
data. Note that the L?-flow of FL.Ap in this article is a second-order nonlinear



parabolic partial differential equation, whose leading terms are however linear.
The equation is the same as the one in [26], but is different from the fourth-order
quasilinear parabolic equations induced from the L2-gradient flow of elastic curves
discussed in [9], [23], [27]. The second-order parabolic equation demonstrates nice
geometric properties during evolution: e.g., convexity-preserving, non-increasing
of the number of inflection points (e.g., see [2], [26]). These geometric properties
are analogous to those of curve-shortening flow (e.g., see [11]) and might be
useful in applications. In contrast, Linnér gave an example showing the failure
of convexity-preserving during the evolution of the so-called curve-straightening
flow of planar curves in [19]. To the best of the authors’ knowledge, it is not clear
yet whether or not these geometric properties hold for the fourth-order L?-flow
of elastic curves studied in, e.g., [9], [18], [23], [27].

The long time existence of smooth solutions for the L?-flow in this article is
derived by applying the Gagliardo-Nirenberg type inequalities in the estimates of
L? norms of high-order derives of curvature. The main difficulty in extending the
work of [26] to the case of open curves comes from the extra terms associated to
the boundary conditions. These extra terms can’t be taken care by the Gagliardo-
Nirenberg type inequalities in the L2-estimates. In [18], we found that good
boundary conditions give certain algebraic relationship to derive the “higher-
order energy identities”, which allow us to obtain the uniform bounds of higher-
order derivatives of curvature. Namely, as replacing the estimates of |VI'k|| 2
by ||V fllr2, where f is the position vector of curves, we avoid the estimates
of boundary terms in the case of clamped ends. In this article, we however
found that the approach through estimating terms ||V7'k| 2 still works in the
case of hinged boundary conditions as one carefully utilize the hinged boundary
conditions for the parabolic equation (1.5), see Lemma 8. Besides, the flow with
hinged ends is a very natural problem to study, both in mechanical terms and in
a p.d.e. setting. On the other hand, in contrast to [18], we are not able to obtain
the long time existence of smooth solutions for the second-order L?-flow with
clamped boundary conditions in this article. In fact, if one chooses the approach
in [18] to study the flow for inextensible planar elasticae with clamped ends, the
term ||V}" f]| ;2 contains time-derivatives of Lagrange multipliers, which provide
additional difficulties in applying the Gagliardo-Nirenberg type inequalities. We
thus leave this case to the future work.

Below is the main result of this article.

Theorem 1. For any given initial C°°-smooth and open inextensible planar curve
fo : [0,L] — R? with /f((f)(O) = /@EP(L) =0, V¢ e NU{0}, there exists a C>-
smooth global solution of the L*-flow (1.5) with the hinged boundary conditions
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(1.6) for the bending energy of curves. Moreover, the inextensible curves subcon-
verge to an inextensible elastica, i.e., an equilibrium configuration of the func-
tional € in the class Dy, with the hinged boundary condition (1.6) and fived end

points fo(0), fo(L).

The rest of this article is organized as the following. In Section 2, we derive
the Euler-Lagrange equation and set up the second-order parabolic equation of
the L?-flow (1.5). The proof of our main result, Theorem 1, is contained in
Section 3, where the part of short time existence of C°°-smooth solutions is a bit
lengthy because it is presented by an elementary argument.

2 The L*>-flow equation

The first variation of Fy s, [T] in the class Ap s gives
5-FL,Ap [T} = <"€7 (8€T)|5:0>|8I - /(85/<C - X, (aeT)|s=0> ds,
I
where k = 0;T is the curvature vector of a planar curve f. Since |T'| = 1 implies
0.T 1L T, we rewrite this equation as
571,09 (1) = = [ (Vo= (R THT, (01T o) d, (21)
I

where Vg := (059, T+)T+ and T+ is a unit normal vector of the curve f derived
from rotating its unit tangent vector T' counterclockwise. There is no boundary
term in (2.1), because of the hinged boundary conditions. By assuming that T is
a critical point of Fr, A, in Af ap, we obtain the Euler-Lagrange equation of 7',

V2T — (X, THT+ = 0. (2.2)
From (2.1), (1.5) and (1.6), one obtains the energy identity

d
A / OT* ds. (2.3)
1

It implies the non-increasing property of Fr, ap[T}]

Fr.aplli] < Frapllo], V t € (0,t0) (2.4)



as the smooth solutions of the L2-flow (1.5) exist V ¢ € (0,p). Note that, in (1.5),
one may write

X7 T =X [(TH)'TH),

where [(TH)'T1] € Mays (the set of 2 x 2 matrices). Therefore, from the con-
straint

d

T dt
1

0 Tds:/atTds
T

and (1.5), one has

with
Arp = [ [(TH'T] ds. (2.5)
/

If det Ap # 0, the vector-valued Lagrange multiplier X can be written as
X = / V2T ds | - A7L (2.6)
1

By applying the hinged boundary condition (1.6) and integration by parts, the
vector-valued Lagrange multiplier X can be rewritten as

X = /W T ds | - A" (2.7)
I
From the evolution equation of the tangent vector in (1.5) and the property
VTt =0, we obtain
Vik = [0k] = [0:05T)F = [0:0,T)¢ = [05(Vsre — (X, THTH)]H,

which gives
Vi = Vik+ (X, T)k. (2.8)

By introducing the tangent indicatrix T,

T =T, = (cosp,siny), (2.9)



where ¢ : I x [0,t1) — R, we can transfer the evolution equation (1.5) into a
scalar equation,

(Byp — % — Aising + hacosg) - TH =0,

or equivalently
dip = 02 — (N, TH). (2.10)

Similarly, the evolution equation for curvature vector x in (2.8) can be written
in terms of the signed curvature k = J;p as

Ok = 8%k + (X, T)k. (2.11)
Using the expression of tangent indicatrix 7" in (2.9), (2.5) yields
[ sin® ¢ ds — [ sinpcosy ds
Ar = —flsincpcosgo ds If cos? ¢ ds ’ (2.12)
I I
and hence
2
det Ap = / cos? @ ds | - / sin ds | — / cospsingp ds | , (2.13)
1 I I

which is non-negative by Cauchy-Schwartz inequality. Moreover, from (2.7), the
Lagrange multipliers in the case of hinged boundary condition can be expressed
as

,

A = (det Ap) - Kf (8s)? cos ds> : <f cos? ds)

L (1 O ) (f s )]

Ao = (det A) " K [ (0up)7coss ds> . ( [ sinpcos d8>
+ <f (Os¢p)* singp ds) : <f sin? ¢ dsﬂ .

1 1

(2.14)

3 The existence of global smooth solutions

In this section, we prove long time existence of smooth solutions. The key
step is to show that ||0"k||;» remains uniformly bounded during the geometric
flow (1.5) for any m € N.



3.1 Some preliminary estimates

The following lemma gives a crucial estimate on the Lagrange multipliers.

Lemma 1. Let T' € Ap np, where AL = L —|Ap| > 0 and [|0sT|| ;2 < M. Sup-
pose T satisfies the hinged boundary condition, i.e., ;T = 0 on the boundary OI.
Then, there exist positive numbers C; = Cy (AL, L, M) and Cy = Cy (AL, L, M)
such that (i) Cy < det Ap; (i) |X| < Co.

Proof. Observe that
2 - det AT

= (f costiote) as) - sin* ot o)

—9 ( [ cos p(s) sin o(s) s> : ( [ cosp(c) sinp(o) da>

+ f16082g0(0) do ) ([ sin2g01(3) ds
( )-(J

—Iffl [cos? p(s) sin® p(o) — 2 cos p(s) sin(s) cos (o) sinp(o)

+ cos? (o) sin? ¢(s)] dods

= Iffl[cos ©(s)sin p(a) — cos () sin p(s)]? dods

= [[ sin? [p(0) — ¢(s)] dods > 0.
IxI

Since ¢ € W12(I), by Morrey’s inequality (cf. [10]), there exists a constant
Cy > 0, independent of ¢ and |I|, such that ¢ € C%/2(I) and

1/2

o (2) — ()| < Co- / Oupl? ds | - Jx— g2 (3.1)

for any x, y € I. By rotations of the coordinate of R?, where the planar curves
sit in, we may assume

[ (eoso(s) sing () ds = (1891.0) (3:2)
I
which implies
/ [1—cosp(s)] ds=AL>0. (3.3)
I



Thus, from applying (3.2), (3.3) and the mean value theorem, there exist s_, sy €
I such that sinp(s—) =0 and 1 — cosp(s4) = % € (0,1). Let

p_=p(s_) € {nm:n €L}, (3.4)
oyt = p(s+) = arccos(l — AL/L) ¢ {nm:n € Z}, '
and
|Ap| == |4 — | > |arccos(1 — AL/L)| € (0,7/2). (3.5)
Choose )
_ _ (124
do = do(AL, L, M) := <3COM
and

Js(r):={oceR:|jo—s|<r}nl.
Note that |Js(r)| > r, as 0 < r < |I|. By applying (3.1), we have
() — plss)| < 158V s € Juu(bo) . ¥ £ € {—, 4} (3.6)
From (3.6), we conclude

|Agl

= T,le S Js_((S()),VO'Q EJS+(50). (3.7)

Therefore,

det AT Z [Sin(go(al) — @(02))]2 dUldUQ

JS_ ((50)><JS+ (50)

1 A\ 2
> 1 (ﬂ;”‘) s (80) X Js. (60)|

1 120
> <50-sin 3 > ::01:Cl(AL,L,M)>O.

This completes the proof of (7). The conclusion (i7) is a consequence of applying
(2.7) and result (7). O

To simplify the presentation, we define some notation. For normal vector
fields ¢1,- - -, ¢p along a curve f, we denote by ¢ * * x ¢y a term of the type

(Diy, Pig) -+ {Diy_ys Giy) , for £ even,

Lo { (ir, bia) -+ (Do bir_y) - iy, for € 0dd,



where (i1, ...,7¢) is any permutation of (1,...,¢). Slightly more general, we al-
low some of the ¢; to be functions, in which case the x-product reduces to a
multiplication. Denote by P,"“(¢) any linear combination of terms of the type

Vigs--x Ve, iy + - +i, = a with maxi; < c,
where all coefficients are bounded from above and below by some universal con-

stants, depending only on a and b. Moreover, let

A 2A+B—-2a C

PR AGED DD DD O} (3.8)
=0

[a,b]<[A,B] a=0 b=1
c<C

where [a,b] := 2a + b.

Lemma 2. Suppose T : I x [0,t1) — R2NS! is a smooth solution of (1.5). Let
b¢ := Vik. Denote by v : I x [0,t1) — R? a smooth normal vector field along
the planar curve, i.e., ¥ (s,t) L T(s,t), for all (s,t) € I x [0,t1). Then, for any
integer £ > 2 and k,m € N, we have the following formulae,

vtvs¢ = sttw; (3'9)
Bt = V) — (4, k)T, (3.10)
Ok — Vik = oo PR T+ Y PBM(w), (3.11)
[a,b]<[¢-1,2] [a,b]<[¢—2,3]
c<t—1 c<l—2

where the coefficient of T in (3.11), i.e., the one denoted by [---], is a sum of
terms like (¢i,, @ip) -+ (Pi;_, @i;); while the last term in (3.11) is a sum of terms

Of the form <¢i1a ¢Z2> o <¢ik—27 ¢ik—1> : ¢1k

Proof. (i) We obtain (3.9) by applying the property: if 1) = ¢ - T, then Vi) =
s - T and Vip = 0y - T+,
(74) We derive (3.10) from

851/] = Vs + <8s¢7 T>T =V — <1/}7 H>T‘

(797) The proof of (3.11) is an induction argument. From (3.10), we have
Osk = Vi — |K|*T. Thus, by applying (3.10) again, we have 92k = 05(Vsr —
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|k|?T) = V2K — 3(Vsk, k)T — |k|? - k, which proves the case of £ = 2 in (3.11).
For ¢ > 3, we apply (3.10) and prove (3.11) easily by induction. Thus, we leave

it to the reader to verify.
O

We recall the Gagliardo-Nirenberg type interpolation inequalities from Propo-
sition 2.5 in [9] in terms of the modified notation P,"“(k).

Lemma 3. For any term P,"°(k) with b > 2, which contains only deriwatives of
Kk with order at most m — 1, we have

[ 17z ds <€ 2l Il e (3.12)

m,2

where v = (a + & — 1) /m, C = C (n,m,a,b), L[f] the length of f, and
v 2

1/p
16l = SIIVER]L ([ Vik], = £ LAY / ViRl ds
i=0 i
Moreover, if a + g <2m+1, then v < 2 and we have for any € > 0
—y 127:7?/ a+b—1
15 (k)| ds < ef|VTk|*ds + Ce?= <f|/<a]2ds> +C <f ]ﬁ\2d3> .
I I I I
(3.13)

3.2 Short time existence

In this part, we give a proof of the short time existence of smooth solutions for
(3.14) below, i.e., (2.10) with hinged boundary condition. We follow the proof of
short-time existence of classical solutions for the semilinear parabolic equations
in [6], where a contraction map on a proper functional space plays the key role.

Theorem 2 (Short time existence for hinged boundary condition). For a given
wp € C*([0, L]) with cp((f)(O) = cp[(f)(L) =0, V¢ e N, there is a positive time ty
and a unique smooth function (s,t) satisfying

Opp = 02p+ A\isinp — Aycosp in (0,L) x (0,9),
©(5,0) = po(s) VO<s<L, (3.14)
05p(0,t) = 0s(L,t) =0 VO<t<ty.

11



Instead of proving existence of smooth solutions of (3.14) directly, we first
work with the equation for a function, ¢ : R x (0,%9) — R, on the entire domain,

{87590 =02p+ Aisingp — Aycosp  in R x (0,tg), (3.15)

©(s,0) = po(s) Vs eR,

where A\ = A\(t) and Ay = A\o(t) are determined by the integrals over the finite
domain [0, L] as shown in (2.13), (2.14).

Proposition 3.1. Let g : R — R be a smooth function satisfying
sup {‘go(()z)‘} < Ky (3.16)
R

for some bounded sequence of numbers {K, : £ € NU{0}}. Then there ezists
to > 0 and a unique C*°-smooth solution of (3.15) such that

. (©) _ . ®
Jim o (5,8) = 0y (3)

Ve NU{0},Vsel0,L],Vte(0,t).
For the proof of Proposition 3.1, we cite the following lemma from [6].

Lemma 4 (Lemma 19.2.1 of [6]). For bounded continuous f in —oo < x < 00,
t > 0, which is uniformly Holder with exponent o, 0 < o < 1, with respective to
x, the potential

2(a,1) = /t /Oo K(x— &t —7)f(€.7) dedr
0 J-oo
possesses the following properties:
1) z, 2z, 2t, and zg, are continuous;
2) zt = zge + f(x,t), —00 < x < 00, 0 < t;

3) |z(z, )| <t flls, —00 < x < o0, 0<t, where ||f||;:= sup |f(z,7)|;
z€R;7€[0,t]

4) |za(z, )] < 202 f|ls - tY/2, —00 < < 00, 0 < t;

5) 22w (2, )] < C|fla-t?, —0co < z < 00, 0 < t, where C is a positive number

and
‘f(x"i_é?t) B f(.ili‘,t)’} .
6« ’

e o |

z€R;0<¢t;6>0

12



6) |ze(a, )] < [[flle + C|fla-t%7%, —00 <@ <00, 0 < t.

We introduce some notation for the proof of Proposition 3.1. For any a > 0,
let Dy :={(s,t) : s € R,t € (0,a)}, DL :={(s,t) : s € [0, L],t € (0,a)}, and

B, = {1 : Dy — R:9, 050 € C%D,) with |||, < oo},

where

[¥lly := sup {|(s, 1) + |0s(s, )]} -

(s,t)€Dg

Furthermore, for the purpose of estimating the Lagrange multiplier, we define
the space

BL(d, M) = B, : inf > d, Ogh| < M.
a(d, M) {1/}6 tel[%,a)[[),[(?}sf{t}(w)_ ng\ Y| < }

For a given ¢y € C1(R) N L>(R) with sup |¢)| < M, we define the map H,
[0,L]

from {1 € BL(d, M) : (s,0) = g} C B, to B, by
Hoo (V) = Uy, + HY =t HY, (3.17)

©0?

where Uy, is the solution of

NU,y = 02Uy, in Dy, (3.18)
Ugo(5,0) = @o(s), V¥ seR,
Héb is the solution of
OHY = 02HY + h(y) in D,,
HY (s,0) =0, VseR, (3.19)

h(1) := A (t) sint)p(s,t) — Aa(t) cos (s, t),

and A1 (t), \a(t) are determined by the formulae (2.13), (2.14). Notice that {¢ €
BL(d, M) : 1(s,0) = o} is a closed subset of the Banach space (B, ||-||,,)-

For a given ¢ € {¢) € BL(d, M) : 9(s,0) = @o}, the functions A\ (¢) and \a(t)
in (3.19) are continuous in ¢. Thus, both (3.18) and (3.19) are linear parabolic
equations with sufficiently regular coefficients such that we may apply Lemma 4

13



to obtain the existence of classical C?-smooth solutions of (3.18) and (3.19) with

the following expression

U, (s,1) = /_ T K (s — € 1)p0(6) de, (5,4) € R x [0,00), (3.20)
HY (s,t) = /0 /OO K(s =&, t—7)h(y)(&, 1) dédr, (s,t) € R x [0,00), (3.21)

52
where K (s,t) := ﬁe_ﬂ. Therefore, the map He, : {¢p € BL(d, M) : 1(s,0) =
w0} — B, is well-defined for any a > 0.

Lemma 5. Let d € (0,7/2) be a positive constant. Then for any 1 € BE(d, M),
there exist positive numbers C1, Co, Cs, depending only on M and d, such that

L L
C: < / cosp ds , Oy < / sin? ¢ ds, (3.22)
0 0
L L L 2
Csr < / cos? ¢ ds / sin? ¢ ds — </ cos Y siny ds> , (3.23)
0 0 0
[Asl, [A2ls [A()] < Cs. (3.24)

Proof. From the assumption inf osc (¢) > d > 0, for any fixed t € [0,a),
t€[0,a)[0,L] x {t}

there exists sg = so(t) € [0, L] such that
. d
| cos(sg,t)| > sin 7
Since (-, t) is C'-smooth and fulfills sup |0s¢)| < M, we may conclude that
D,

c({orenusven-vennl<}) 2

where L is the one-dimensional Lebesgue measure. Thus,

c <{0 €10, 1] : | cos (o, )] > sinj}) > 4i. (3.25)

Therefore,
L
d d
2 .2
ds > — - =:C
/Ocosw 3_4M51n4 1,

14



which gives the first inequality in (3.22).
Similarly, the second inequality in (3.22) also holds by applying the same

argument.
— W in¢
As f = UE COZZS b ds)i/2 9= UE Sijlzn 0 ds)i/2’ we may apply
1 L
2/ (f £9)° ds:lzlz/ fg ds
0 0
L 2 1/2
and let p = (o cos” v do) to derive

(fOL sin? 4 ds)1/2

L L L 2
/0 cos? 1 ds - /0 sin® 1 ds — (/ cos Y sin ds>
L 2
= </ cos? 1 ds - sin? ¢ ds> [ < fg ds) ]
0
L L
= </ cos? 1 ds - sin? ¢ ds) ( fg ds> < / fa ds)
0 0
_1 L 2 2 2
_4/0 cos ¢ds sin wds< ></0 (f+9) ds>

L 2
:% </ (costh — psinap)? — COS”L/J + sin ¢> ds)
0

e ([ w1w+wum>d>(ALwa+wxm>@)

> </OL sin?(¢ + e1 (1)) ds) (/OL sin(4) + ¢2(11)) ds> . (3.26)

By applying a similar argument as in deriving (3.25), we obtain

c({oe1): [simn@io,) + e =sin 2 V) > L @327
4 4M

for i € {1,2}. Thus, (3.23) is obtained by applying (3.26) and (3.27).
The inequalities in (3.24) are implied by applying (3.23), (2.13), (2.14). O

Lemma 6. Let h: R — R be the function given in (3.19).

(i) For any 1,1 € BL(d, M), one has

|h(11) — h(¢o)| < Cu - ||¢1 — %o, (3.28)

for some constant Cy = Cy(d, M).
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(i) For a given @ € BL(d, M) with the regular properties
e COR x[0,a]) N L®R x [0,a]), V j € {0,1,...,m},
the composite function h(y) also fulfills

I h(p) € COR x [0,a]) N L®(R x [0,a]), ¥ j € {0,1,...,m}.
Proof. (i) From (3.19), we may write

h(1ha) = — <</I (0s¢a)*Ty,, ds) AijavTﬁ> :

By using the formulae (2.9), (2.12), (2.13), (2.14), and applying the assumption
Yo, 1 € BL(d, M), we obtain (3.28) from the following calculation

|h(11) — h(v

(o))
+ <</ Dst0) Ty, ds) (47 - a7}) le1>’

+ < < s?,/)() Twl Tlllo) d8> AE;I , T1ZJJ-1 > ’

i

We leave the details of the calculation to the reader for the sake of conciseness.

IN

\\

I

[(aswl)Q - (851/)0)2] ’ T¢1 d8> Aili ’ Tdi>‘ .

(ii) The conclusion (i) follows directly from the assumption and the formula
OLh()(s,t) = —(X(1), DT (s, 1)),

where Tj = (—sinp,cosp), 7 € NU{0}.
O

Lemma 7. Assume ¢y € CHR) N L>®(R) with sup |¢h| = Mo/2 < oo and
R

= 2dy > 0.
i oo =2

(i) There exists a positive number by € (0,a) so that the map given in (3.17),

Hyo {1 € B (do, Mo) : ¥(s,0) = o} — {¥ € BE (do, Mo) : 1(s,0) = o},

is well-defined for all 0 < b < bg.
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(ii) There exists a positive time to such that
Heo : {10 € BE (do, Mo) : 9(s,0) = o} — { € B (do, Mo) : ¥(s,0) = o}
18 a contraction map.

Proof. To prove (i), we need to verify that there exists a constant by > 0 such
that, for all b € (0,by) and v € {¢ € BE(do, Mo) : ¢(5,0) = o},

OsHY | < Myin D, , inf HY ) > d,.
OuHpol < Moin Dy a5y (i) = o

Since g is bounded and continuous on R, from the standard argument on the
initial value problem for the heat equation on R (e.g., see Chapter 3 of [6]), the
function Uy,, given in (3.20), belongs to the class of C*°(R x (0,00)) N CO(R x
[0,00)). Observe that

Oa(s0) = [~ 0(s = €.00p0(€) de = [~ ~0cK (s — €. 0)p0(e) de
-/ T K (s — €. () de, (3.29)

where the last equality comes from applying the assumption of ¢g in (3.16). Thus,

using the same argument for 0,U,,, 0:U,, also belongs to the class C*°(R x

(0,00)) NCO(R x [0,00)). From (3.29) and the assumption sup||¢f| < My/2 and
R

the identity
o
/ K(zt) dz = 1, (3.30)
—Oo

we conclude

05U (s, 1) < % (3.31)

for all s € R, t > 0. In fact, by applying this argument step by step, we obtain
. ; G
Jim DU (s,8) = ¢ (5) (3.32)

for all s € R, and any j € NU {0}.
To show the continuity of Hép and 85H8p up to the parabolic boundary Rx {0},
observe that, by applying Lemma 5 and (3.30), these hold for all s € R

HY (5,1)] < /0 /_OO K(s— .t — 1)||h(0)(E,7)] dedr <t-Cs.  (3.33)
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V s € R. By applying the identity

& -1
0. K(z,t) de = ——, 3.34
| oK)z = — (3:34)
we obtain
" t [ee] \/i
|0sH (s,1)] < |0sK (s — &t — 7)|[R(¥)(&, 7)| d&dT < 2% - C5. (3.35)
0 J—o0
Thus, we conclude that for all s € R
: ) _ : b _
tLHJrrlOHO (s,t) =0 and tgr}rloﬁsHo (s,t) =0. (3.36)

Hence by (3.31), (3.33), (3.35), (3.36), H:ﬁo and asH:ﬁO are continuous up to
R x {0}. Therefore, we may choose a sufficiently small o > 0 such that

]@H;f’o(s,t)\ < My, Y (s,t) € Dy.

Moreover, since Hfﬁo is continuous on the closure of D} (which is compact for any
t > 0), tlir}rlo H;f’o(s,t) = o(s), and osc ¢ > 2dy, we may choose a sufficiently
— 0,L

’

small # > 0 such that

inf HY ) > dy.
tel[%,ﬂ)[(),g]sf{t}( <P0)— 0

The conclusion () is now obtained by letting by := min{«, 5}.
(i) From (i), we let ¢ty € (0, bg] below. By applying Lemma 6, (3.30), and
(3.34), we obtain that for all (s,t) € R x (0, tp)

|H:ﬁ& (37 t) - Hgg (57 t)|
to 0
< / / K (s — &t — )| - [h(1)(€,7) — h(o)(€,7)]| dedr
0 —00
<Cito |91 — olly, (3.37)
and
|8slr17ff01 (s,t) — 8SH:£’8 (s,1)]
to [e%e]
< / / 0K (s — ¢ — )] - [h(1)(€,7) — h(to) (€. 7)]| dedr
0 —00

t
Y0enln ~ vl (3.39)

<2
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From (3.37) and (3.38), we deduce

<G <t0 + 2*\?) o1 = tolly,

Thus, conclusion (i7) is obtained by choosing a small ty < by such that

e (1+22) <1

HH% Hwo

Proof of Proposition 3.1. There are two steps in the proof.
Step 1: existence of classical solutions and the integral representation.
Define the sequence of functions

o n =20,
= 3.39
¥ {H%(wn_l) n>1, ( )

and My, dy are given as before. From Lemma 7, the sequence {1} is a Cauchy
sequence in %tfa (do, Mp), which is a closed subset in the Banach space 9B;,. Thus,
there exists a unique function, ¢ € %é (do, Myp), such that 1, — ¢ in the topology
of (B, [|[l4,)- On the other hand, for each n > 0, the function 1,41 satisfies the
following equation

Ohns1 = O20pi1 + h(ty)  for (s,t) € Dy,
Yn+1(8,0) = @o(s) for s € R.

Therefore, as n — oo, the function ¢ satisfies equation (3.15) and can be written
as

o(s,t) = Uy (s,t) + HY (s, 1)
= Uy (s,1) / / K(s—&t—T1)h(p)(&, 7) dédrT. (3.40)

Step 2: smoothness of the right hand side of (3.40).
From the regularity assumption of ¢ on (3.16) and applying integration by
parts inductively, one obtains

O gy (5,1) = / K(s—6.8) o0(¢) de
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for all £ € N. Thus, we conclude
9tU,, € CO(R x [0,+00)), V£ NU{0}, (3.41)

by the same argument originally applied to U, before.

To finish the proof, we only need to work with the last term of (3.40). First
note that from Lemma 6 (i) the regularity of h(y) is the same as that of .
Since ¢ € By, h(p) also belongs to By,. Thus, by applying Lemma 4, 8£H6p €
CO(R x [0,t9]), for each £ = {0,1,2}. Together with (3.41), we have that d‘HE,
(i.e., 0%p) belongs to CO(R x [0,%0]), V £ = {0,1,2}. By applying Lemma 6 (ii)
again, h(yp) now also fulfills 9¢h(p) € CO(R x [0,t0]), for each £ = {0,1,2}. Now,
by applying the formula,

L rre _ b —1
st40 ) - S -6t )
OLHE (s, ) /0 /Ooa K(s — &t —7) 0 h(p) (€, ) dedr

t 00
[ [ KG-st-n-onoen) dear
0 J—o0
Lemma 4, and Lemma 6, we prove inductively that
OLHY € CO(R x [0,tg]), V¢ € NU{0} (3.42)

by a boot-strapping argument.
The proof is finished by combining (3.40), (3.41), and (3.42). O

Proof of Theorem 2. We may extend ¢g as an even function from [0, L] to [-L, L].
Then we extend ¢ as a periodic function with period 2L from [—L, L] to the
whole real line R. Denote this extended function by ¢p. From the assumption
of vanishing of derivatives of g at the end points, we deduce that there exists
a bounded sequence in ¢ of numbers {M,}, ¢ € {0,1,2,...}, such that @y €

C*(R) and it derivatives fulfill sup {|g5[()e) \} < My V¢ € NU{0}. Therefore,
R

from Proposition 3.1, there is a positive number ¢y and a C'**°-smooth function ¢
satisfying

{aat@(s’t) = 872290(37?5) + A1(t)sin(s,t) — Aa(t) cosp(s,t)  in Dy,
©(s,0) = $o(s) on R x {0}.

Since po(s) is the extension of ¢g(s), this ¢ fulfills the first two equations in
(3.14).
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To finish the proof, we only need to show that this ¢ also fulfills the boundary
conditions in (3.14), i.e.,

Dsp(b,t) = k(b,t) = 0,¥ b € L, € (0, ). (3.43)

We prove (3.43) by showing that each term in {h () },enufoy s an even function
of s with period 2L, where {4, },enuqoy the iteration sequence in (3.39). Note
that {¢n}neNu{0} is a Cauchy sequence, which converges to ¢ in the Banach
space (B, || - ||4,). Since for a fixed ¢, 1o(s,t) = @o(s) is an even function of s
with period 2L, from the formulae (3.20) and (3.21), it is easy to verify that i
is also an even function of s with period 2L. Thus, by an induction argument,
we conclude that every function in the sequence {¢,,} is an even function of s
with period 2L. Since {¢,,} converges to ¢ in the Banach space (B, || - ||+, ), we
conclude that ¢ € By, is also an even function of s with period 2L. Now, the
vanishing condition in (3.43) is a result of this property of ¢. In other words,
for fixed t € (0,t9), as ¢(-,t) € C}(R) is an even function with period 2L, then
05p(0,t) = 0 = Osp(L, t).

O

3.3 Long time existence and asymptotics

Lemma 8. Assume the curvature vector k remains smooth during the L*-flow
(1.5) up tot =ty > 0. Then, for allt € (0,ty) and £ € NU {0},

0¥ k(b,t) = 0= V¥*k(b,t), Vbe dI, Y tel0t).

Proof. (i) to show 02‘k(b,-) = 0:
From a direct computation, we have

0%k = V2K — 3(Vsk, k)T — |K|*k.

Together with the hinged boundary condition (1.6), we derive 0%k(b,t) = 0,
Yt € [0,t9). To show 9%k(b,t) =0,V t € [0,ty),V £ > 2, we argue inductively
by the following calculation:

0,022k = 0220,k = 920-2(9%k + (N, Tk + |K|2k + 2(0sk, )T + (X, K)T)
= 2+ 922 (X, Tyr + |k + 200k, 5) - T+ (X, ) - T)

=Zn+ Y Cili,)NOT) -He+ X Cai,j k) (Oik, k) - 0¥k
i+j=20—2 i+j+k=20—2

+ X Cs(,5, k)0 R Ok) - OFT + Y Cu(i 5)(N, Oik) - 0T,
i+ j+k=20—2 i+j=20—2
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where (1.5) is applied to derive the second equality with constants Ci(i, ),
Cy(i, j, k), Cs(i, j, k), Cy(i, 7). By applying the assumption

O%k(b,t) =0, Vi€ {0,1,...0—1}, YbedI, Vtel0,to),

the term 9;0%/~2xk and the last four terms on the R.H.S. all vanish. This gives
02 k(b,-) =0, V b € 9I, and thus completes the proof of the first part.

(ii) to show VZk(b,-) = 0:

Applying the hinged boundary condition (1.6) to (2.8) gives

V2k(b,-) =0, Y b e dl.

To show VZk(b,-) = 0,V £ > 2, we argue inductively from applying the result,
02 k(b, ) = 02Y1T(b,-) = 0, in part 1° and the following calculation

ViV225 = V22V = VE4(V2k + (X, T)k) = Vi + V22((X, T)k)

= vg@H + Z 05(27,7)<)_"7 8;T> ’ vg/ﬁ,
i+j=20—2

where C5(i,j) is a constant.
O

Lemma 9. Assume the curvature vector k remains smooth during the L*-flow
(1.5) up tot =ty > 0. Then, ¥Vt € (0,tg) andV m € N,
d1 -
dtQ/ |V 7|2 ds—l—/ Vg2 ds = —/ (Ve VL (X, T) - k) ds.
I I I

Proof. In the argument below, we apply Lemma 8 and (3.9).
Case 1 (as m = 2/):

L1252 ds = [ (V2 ViV2i) ds = [ (V2 V.V,V2 k) ds
I T 7

= — [ (V2 V,VHlR) ds = — [ (V24 V2-1V,k) ds
1 I

= — [ (V¥R V2YV2k + (X, T) - k)) ds
I

= [ (VIR ds — [ (VR VETH (N T) - k) ds.
I 1
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Case 2 (asm =20+ 1):
Notice that, from Lemma 9, we have vtvg% = 0 at the boundary. We obtain

L3IV G2 ds = [ (V2R W, V2 R) ds = [ (V2R VWV, V) ds
1 I I

= — [ (V225 WV V%K) ds = — [ (VHF25, V2V, k) ds
T T

= — [ (V225 VE(V2k + (X, T) - K)) ds
1

= [ (IVIPR? ds — [ (VIF2k, V(X T) - 1)) ds.
I I

O]

Proof of Theorem 1. The long time existence is derived by a contradiction argu-
ment. Namely, assume the solution fails to be C*°-smooth at ¢ = tg > 0. Then,
we show that the L?-norm of the derivatives of the curvature of any order remain
uniformly bounded for any ¢ < tg. This gives the contradiction. In the end of
proof, we show the asymptotic behaviour for a convergent subsequence of the
solutions up to the translation.

For any m € N, we will obtain the long time existence by deriving the following

estimates for curvature integrals,

d
dt/|V;n/£|2 ds+¢ - /|V’LZH'1/<;|2 ds < C(||koll 2, L, |Ap|, m), (3.44)
I I

where £ > 0 is a sufficiently small constant. By Gronwall inequality, (3.44) implies
/\V?/{\Q ds < C(||kol| 2, L, |Ap|,m) , ¥V t € (0,1p), (3.45)
I

where kg = k(s,0) is the curvature vector of the initial curve fp.

Note that (2.3) gives the non-increasing property of the energy Fr ap [T].
Thus, as long as the smooth solutions of the L?-flow exist V t € (0,tp), one has
Fr.ap(T) < Frap(To), where Ty is the tangent vector of initial curves. Therefore,

vt € (0,t0), [I5( )17z < 2F1,np(To)-

23



From Lemma 9, we have

dt2/ |V |2 ds+/ VP k12 ds = —/ (VI e, VL (X, T - k) ds
I
1/2 1/2

/ VP ds | / VTR T) - R ds
I I

From applying (3.11), the uniform bound of |X| in Lemma 1, and Gagliardo-
Nirenberg inequalities to the equation

V;n*l((X,T) ‘R) = Z Cs(1,7) )\ O'T) - Vi,

i+j=m—1

we derive
1/2

m— N m-+1
/ VYT w2 ds | < Clollge s Ly |l m) - ] Y 0D

For any positive integer ¢ € {1,2,...,m + 1}, we apply (3.11) and Gagliardo-
Nirenberg inequalities again to derive

/ k]2 ds — / O%I2 ds| < CllRoll e L, |OPL ) - sl s  (3.46)

for some 7 € (0,2). Thus, by applying Gagliardo-Nirenberg inequalities, we have
d
dt/ V™ k|2 d8+/ |om k)2 ds—l—/ VT k)2 ds

<e- ||"€”31+1,2 + C(Ea ||"€0HL2 . L, |Ap|7 m)

for some sufficiently small € > 0. Note that the vanishing conditions of §%x in
Lemma 8 allow us to apply the Poincare inequality

/ \8;”+1/<;|2 ds > C(L) / |8§”/<;\2 ds

1 I

for some C(L) > 0, m € NU{0}. Therefore, by applying (3.46) again to the case
£ = m and choosing a sufficiently small € > 0, we obtain

/|vm 2 s+ S8 /W’W ds < C(|koll 2 L, | Apl,m).
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Finally we apply Gronwall inequality to derive from this differential inequality a
uniform bound of ||V7'k||;2 as presented in (3.45).

Notice that a planar curve can be uniquely determined by its signed curva-
ture k, up to translation and rotation. Moreover, the formulae to connect the
curvature vector x and signed curvature k hold, i.e.,

Vi =00k - T+, ¥meNU{0}.
Besides, we have
H‘ffb_lkHLw <C- |05k 1,V meN.

Therefore, ||0k||;2 is also uniformly bounded for all m € N. Now the proof of
the long time existence is completed by a contradiction argument.

To analyze the asymptotic behaviour of the flow, we choose a subsequence of
T (t,-), which converges smoothly to To(-) as ¢ — oo. In addition, we rewrite
the energy identity in (2.3) as

d
w(t) = / BT ds =~ Fuay [T), (3.47)
I

which implies u € L!([0,00)). From differentiating (3.47) and applying (1.5),
(3.45), we obtain

|’ (t)] < C (llkoll 2, L, [Apl) -
Therefore, u (t) — 0 as ¢ — oo. In other words, Too(+) is independent of ¢ and

thus, by (1.5), is an equilibrium configuration. O

Acknowledgement. During working on this project, C.-C. L. would like
to acknowledge the support from the National Science Council of Taiwan NSC
101-2115-M-003-002 and the National Center for Theoretical Sciences in Taipei,
Taiwan.

References

[1] R. A. Adams and J. J. F. A. Fournier, Sobolev spaces, Second edition. Pure
and Applied Mathematics (Amsterdam), 140. Elsevier/Academic Press, Am-
sterdam, 2003.

[2] S. Angenent, On the formation of singularities in the curve shortening flow,

J. Differential Geom. 33 (1991), no. 3, 601-633.

25



3]

[10]

[11]

[12]

[13]

[14]

[15]

S. S. Antman, Nonlinear problems of elasticity, Second edition. Applied
Mathematical Sciences, 107. Springer, New York, 2005.

R. Bryant, Robert and P. Griffiths, Reduction for constrained variational
problems and [ %/@2 ds, Amer. J. Math. 108 (1986), no. 3, 525-570.

G. Brunnett and J. Wendt, FElastic splines with tension control, Mathemat-
ical methods for curves and surfaces, II (Lillehammer, 1997), 33-40, Innov.
Appl. Math., Vanderbilt Univ. Press, Nashville, TN, 1998.

J. R. Cannon, The one-dimensional heat equation, With a foreword by Felix
E. Browder. Encyclopedia of Mathematics and its Applications, 23. Addison-
Wesley Publishing Company, Advanced Book Program, Reading, MA, 1984.

A. Dall’Acqua, P. Pozzi, A Willmore-Helfrich L*-flow of curves with natural
boundary conditions, Preprint ArXiv:1211.0949.

A. Dall’Acqua, C.-C. Lin, P. Pozzi, Evolution of open elastic curves in R"
subject to fixed length and natural boundary conditions, Submitted 2013.

G. Dziuk, E. Kuwert, and R. Schétzle, Fvolution of elastic curves in R™,
existence and computation, SIAM J. Math. Anal. 33 (2002), no. 5, 1228-
1245.

L. C. Evans, and R. F. Gariepy, Measure theory and fine properties of func-
tions, Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 1992.

M. Gage and R. S. Hamilton, The heat equation shrinking convex plane
curves, J. Differential Geom. 23 (1986), no. 1, 69-96.

M. Golomb and J. Jerome, Fquilibria of the curvature functional and mani-
folds of nonlinear interpolating spline curves, SIAM Journal of Mathematical
Analysis, 13 (1982), 421-458.

V. Jurdjevic, Geometric control theory, Cambridge Studies in Advanced
Mathematics, 52. Cambridge University Press, Cambridge, 1997.

N. Koiso, On the motion of a curve towards elastica, Actes de la Table Ronde
de Géométrie Différentielle (Luminy, 1992), 403-436, Sémin. Congr., 1, Soc.
Math. France, Paris, 1996.

J. Langer and D. A. Singer, Curve straightening and a minimaz argument
for closed elastic curves, Topology 24 (1985), no. 1, 75-88.

26



[16]

[17]

18]

23]

[24]

[25]

[26]

[27]

[28]

J. Langer and D. A. Singer, Curve-straightening in Riemannian manifolds,
Ann. Global Anal. Geom. 5 (1987), no. 2, 133-150.

J. Langer and D. A. Singer, Lagrangian aspects of the Kirchhoff elastic rod,
STAM Rev. 38 (1996), no. 4, 605-618.

C.-C. Lin, L?-flow of elastic curves with clamped boundary conditions, J.
Differential Equations 252 (2012), no. 12, 6414-6428.

A. Linnér, Some properties of the curve straightening flow in the plane,
Trans. Amer. Math. Soc. 314 (1989), no. 2, 605-618.

D. Mumford, Elastica and computer vision, Algebraic geometry and its ap-
plications (West Lafayette, IN, 1990), 491-506, Springer, New York, 1994.

M. Novaga and Matteo; S. Okabe, Curve shorteningstraightening flow for
non-closed planar curves with infinite length, J. Differential Equations 256
(2014), no. 3, 1093-1132.

D. Oelz and C. Schmeiser, Derivation of a model for symmetric lamellipo-
dia with instantaneous cross-link turnover, Arch. Ration. Mech. Anal. 198
(2010), no. 3, 963-980.

A. Polden, Curves and surfaces of least total curvature and fourth-order
flows, Ph.D. dissertation, Universitat Tiibingen, Tiibingen, Germany, 1996.

W. K., D. Swigon and B. D. Coleman, Implications of the dependence of
the elastic properties of DNA on nucleotide sequence, Philos. Trans. R. Soc.
Lond. Ser. A Math. Phys. Eng. Sci. 362 (2004), no. 1820, 1403-1422.

E. L. Starostin and G. H. M. van der Heijden, The shape of a Mdbius strip,
Nature Materials 6, 563-567 (2007) .

Y. Wen, L? flow of curve straightening in the plane, Duke Math. J. 70 (1993),
no. 3, 683-698.

Y. Wen, Curve straightening flow deforms closed plane curves with nonzero
rotation number to circles, J. Differential Equations 120 (1995), no. 1, 89-107.

T. Willmore, Curves, (English summary) Handbook of differential geometry,
Vol. I, 997-1023, North-Holland, Amsterdam, 2000.

27



