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CHIA-FU YU

ABSTRACT. Recently Ibukiyama proves an explicit formula for the number of
certain non-principal polarizations on a superspecial abelian surface, extend-
ing his earlier work with Katsura for principal polarizations [Compos. Math.
1994]. As a consequence of Ibukiyama’s formula, there exists a geometrically
irreducible component of the Siegel supersingular locus which is defined over
the prime finite field. In this note we give a direct proof of this result.

1. INTRODUCTION

Let p be a rational prime number, and let n > 1 be a positive integer. Let
A,, denote the coarse moduli space over F,, of n-dimensional principally polarized
abelian varieties. The supersingular locus of A, ®F, is denoted by S,,, which is the
closed reduced F,-subscheme consisting of all supersingular points in A, (F,). An
abelian variety over F), is supersingular (vesp. superspecial) if it is isogenous (resp.
isomorphic) to a product of supersingular elliptic curves. It is known that S, is
defined over F,, i.e. the action of the Galois group I' := Gal(F,/F,) leaves the set
S, stable. The unique model of S,, over F, in A,, is denoted by S,,, which is called
the supersingular locus of A,,. The set of irreducible components of S,, is denoted

by Ip(Sy), on which " operates. An irreducible component V' € IIy(S,,) is defined
over I, if and only if V' is stable under the action of I'. In this note we give a proof
of the following result.

Theorem 1.1 (Li-Oort, Ibukiyama). There exists an irreducible component of S,
that is defined over IFp.

In Section 2, we shall give some background knowledge on IIy(S,,) due to Li and
Oort [5]. Based on loc. cit., Theorem 1.1 is reduced to non-emptiness of the set
of certain polarized superspecial abelian varieties that admit a model defined over
F, (the set A, (Fp) or 3, (F,) in Subsection 2.1); see Theorem 2.3. It follows that
Theorem 1.1 is trivial when n is odd. When n is even, Theorem 1.1 then follows
from the following result.

Theorem 1.2. There exists a polarized superspecial abelian surface (A, X) over T,
such that ker \ = A[F], where F : A — A®) = A is the relative Frobenius morphism
on A.

In [1, 2] Ibukiyama gives an explicit formula for the cardinality of ¥(F),), and
as a byproduct he obtains Theorem 1.2. The result of Ibukiyama confirms the
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existence of polarized abelian surfaces as in Theorem 1.2. We construct such an
polarized abelian surface directly in Section 3. This proves Theorem 1.1 by a
different method.

2. PRELIMINARIES AND BACKGROUND

2.1. Finite sets A,, and %,,. Let I' ;= Gal(F,/F,) denote the Galois group over
Fp, and put I's := Gal(F,/F,2). The Frobenius automorphism a +— a? in T is
denoted by o,. For any positive integer n > 1, let A,, denote the set of isomorphism
classes of superspecial principally polarized abelian varieties of dimension n over
F,. This is a finite set on which T' acts. It is known that the subgroup I'y acts
trivially on A,, so the action factors through the quotient Gal(FF,2/F,). Put

Ay (Fp) := AL C A,

the subset of elements fixed by o,. Let Ey be a supersingular elliptic curve over
F, such that the endomorphism endomorphism mg, of Ey satisfies 71%0 = —p.
Put Ay = Ej and take )y to be the product of copies of the canonical principal
polarization of Ey. Clearly, (Ao, Ao) is a superspecial principally polarized abelian
variety of dimension n over F,. In particular, the set A,,(F,) is nonempty.

For any even positive integer n = 2¢, denote by 3, the set of isomorphism
classes of superspecial polarized abelian varieties (A, \) of dimension n over Fp such
that ker \ = A[F], where A®) is the base change of SpecF, — SpecF, induced
by op, and F : A — A®) is the relative Frobenius morphism. Clearly, for any
(A, ) € X, one has deg A = p™. The Galois group I' acts on %,, which factors
through Gal(F,2/F,). Indeed, any superspecial abelian variety over F, admits a
model Aj over Fj2 such that any endomorphism of A is defined over F, (for the
IF2-structure of Aj), in particular, any polarization of A is defined over Fj2. Thus,
the group I's acts trivially on X,,. Similarly, we define

Y (Fp) :=3L C %y,

the subset of elements fixed by o,. Unlike A,,, it is not clear whether %,,(FF,) is
nonempty a priori.

Recall that the field of moduli of a polarized abelian variety (A4, A) over F,, is the
field of definition of the isomorphism class [(4, \)], that is, the smallest finite field
Fpa such that (A, \) ~ (A, 7)) over F,, for any o € Gal(F,/F.).

Lemma 2.1. Let (A, \) be any polarized abelian variety over Fp, and suppose that
the field of moduli of (A, X) is Fpa. Then (A, ) has a model defined over Fpa.

PROOF. The lemma is proved for A being superspecial [2, Lemma 4.1]. The same
proof works for an arbitrary abelian variety; also see [7, Prop. 6.3] for a similar
proof. W

Lemma 2.2. If an element (A, \) in X,, has a model (A’, X') defined over F,, then
ker \' = A'[F].

PROOF. We use the following basic fact: if H; < Hs are two finite group schemes
over a field and if rank Hy; = rank Hs, then Hy = H,. It follows that if p: A — B
is an isogeny of abelian varieties over k, K/k is a field extension and ¢x : Ax —



FIELDS OF DEFINITION OF COMPONENTS 3

By is the base change morphism, then ker px = ker o ®; K. Applying this for
F:A— AW and K/k =TF,/F,, we get

ker ' @ F, = ker A = A[F] = A'[F] ® F,.
By the faithfully flat descent, we have ker ' = A’[F]. R

Let f]n (F,) be the set of isomorphism classes of superspecial polarized abelian
varieties (A, \) of dimension n (n being even) over F, such that ker(\) = A[F].
It follows from Lemmas 2.1 and 2.2 that the natural map in(Fp) — X, (Fp) is
surjective. Particularly, the set ¥, (F,) is nonempty if and only if so is in(Fp).

2.2. Fields of definition for components. As in Section 1, we let A,, denote the
coarse moduli space over F,, of n-dimensional principally polarized abelian varieties,
and let S,, C A, be the supersingular locus of of A,. Li-Oort proved [5, 4.9, p. 26]
that there is a one-to-one correspondence between the set IIy(S,,) of irreducible
components of S,, := S, ® F, and either the set A,, or the set X, according as n
is odd or even. The Galois group I' operates on IIy(S,) as well as on the sets A,
and X,,. We claim that the correspondence in loc. cit. respects the action of I'. Let
V € Iy(S,) be an irreducible component. It is proved in [5, 4.9 (iii), p. 26] that
the subset U of supergeneral abelian varieties in the sense of Li and Oort (i.e. with
a = 1) is an open and dense subset in V. For any point (B, Ag) in U, there is a

unique “PFTQ” (polarized flag type quotient) up to equivalence [5, Chapter 3]
(An71777n71) — (An72a77n72) — = (A07770)

such that (Ag,n0) =~ (B, A\g) and (A,_1,Mn—1) = (A, p™\) for a superspecial polar-
ized abelian variety (A, A) that lies in A,, if n is odd and in X, if n is even. The pair
(A, \) depends only on U up to isomorphism, and corresponds to the component
V. It is then clear from this construction that for any o € I' the conjugate “U of
U corresponds to the isomorphism class [(?A,7))]. This proves the claim. Note
that the isomorphism class [(“A, 7 )] is defined over F,, if and only if (A.\) admits
a model defined over F,, (Lemma 2.1). Thus, we have the following consequence of
results of Li and Oort.

Theorem 2.3 (Li-Oort, cf. [2, Theorem 4.4]).

(1) Every irreducible component V.C S,, is defined over Fpe.

(2) Let o(S,)(F,) be the set of irreducible components of Sy, that are defined
over F,,. Then

A, (F,) if n is odd;

2. (F,) if nis even.

2.3. Theorem 1.2 implies Theorem 1.1. It follows from Theorem 2.3 that Theo-
rem 1.1 is equivalent to that A, (F,) is nonempty if n is odd and X,,(F,,) is nonempty
if n is even. Non-emptiness of A, (F,) is obvious. Thus, it reduces to prove non-
emptiness of ¥,,(F,). But this following from non-emptiness of ¥5(F,), which is
equivalent to Theorem 1.2 by Lemma 2.1.

(2.1) o(S,)(F,) = {

2.4. Explicit formula for |[A2(F,)|. Let x be the quadratic character associated to
the real quadratic field Q(,/p)/Q, and let By, be the second generalized Bernoulli
number. For any algebraic number «, we write h(«) for the class number of the
number field Q(a).
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Theorem 2.4 (Ibukiyama [1, Theorem 5.2]). One has
|Zo(F,)| =1,1,1, for p=2,3,5, respectively.
Forp>17,ifp=1 mod 4, then

el =g (92 (2) ) Bun + 57h(vD)
+ (V2 + g (34 (2) ) v

(2.2)

if p=3 mod 4, then
1 1 2
Sa(F,)] =55 Ba + 57 (1- (=) ) h(v=D)

p
1 1

Non-emptiness of ¥5(F,) (or Theorem 1.2) follows immediately from Theo-
rem 2.4, and hence Theorem 1.1 follows.

(2.3)

3. CONSTRUCTION OF CERTAIN SUPERSPECIAL POLARIZED ABELIAN VARIETIES

In this section we include some results concerning non-emptiness of the set
Y, (F,). The Frobenius endomorphism of an abelian variety A over F, will be de-

noted by 74. Let 3/, (F,) be the set of isomorphism classes of superspecial abelian
varieties (A, \) of dimension n over F, such that 73 = —p and ker A\ = A[F]. It is
clear that non-emptiness of ¥/ (IF,) implies that of X,,(F,).

Lemma 3.1. Assume that the integer n = 2c¢ is divisible by 4. Then there is a
superspecial polarized abelian variety (A', ') in X! (F,).

ProoOF. Choose a superspecial abelian variety A; over F,: of dimension ¢ such

that 74, = —p. Since every polarization of A’ @ F,, is defined over F,2> and the set
Y. is nonempty, there exists a polarization \; of A; such that ker A\; = A;[F]. Take
(31) (A/, )\/) = RGS]FP2 /Fp (Al, )\1)

Then (A’, ') is a superspecial polarized abelian variety over F,, of dimension n such
that

(3.2) (A, M) @F,p = (A, Ar) x (AP AP,
This gives
(3.3) ker N = ker A, x ker A\ = 4,[F] x AP [F] = A'[F).

From (3.2) we get 74, = —p. N

Lemma 3.2. Assume that (%) = 1. Then for any even positive integer n, there

exists a superspecial polarized abelian variety (A, \) in i’n(Fp)

Proor. It suffices to prove this for n = 2 as we can take the product of copies
of such a polarized abelian surface. Let (Ag, o) = (EZ, \o) be the superspecial
principally polarized abelian surface over I, as in Subsection 2.1; one has 7r1240 =
—p. Consider isogenies a : (4,\) — (Ao, Ao) of degree p with a*Ag = A. The



FIELDS OF DEFINITION OF COMPONENTS 5

family {a} forms a projective space P! that has an F,-structure induced from
the F,-structure of Ag. If an isogeny a : (A, \) — (Ao, Ag) corresponds to a point
[a: b] € PY(F,), then (A, \) € X5 if and only if a?™1+bPT1 = 0 ([4, (3.4), p. 119] and
[6, Lemma 4.3]). Since (—1/p) = 1, there exists a point [a : b] € P(F,) such that
aPtt + P+ = g% 4+ b2 = 0. Then the corresponding isogeny « : (A, ) — (Ag, Ao)
is defined over F, and satisfies both 74 = —p and ker A = A[F]. &

Corollary 3.3. Assume that 4|n or (‘71) = 1. Then the set i;(]Fp) is nonempty.

Consequently, so is the set ZNDn(IFp).

Remark 3.4. We expect that the sufficient conditions in Corollary 3.3 are also
necessary for non-emptiness of X/ (F,).

For the rest of this section we construct a polarized abelian surface as in Theo-
rem 1.2.

Step 1. There exists a principally polarized abelian surface (Ag, Ao) over F,, with
T, = P-
Choose an supersingular elliptic curve E over Fp> such that 7z = p. Take
A() = ReS]Fp2 /Fp E.

Then the Frobenius endomorphism 74, of Ay satisfies 771240 = p, and one has
Ay ® Fp2 = E x ?7E. As E admits a principal polarization g, the product
Ao = p x ?pron Ag ® Fp2 is a principal polarization that is defined over F,,.

Step 2. The (covariant) Dieudonné module My of Ay is a free module over R of
rank 2, where R := Z,[ra,] = Z,[\/p). The Frobenius map F and Verschiebung
V operate as the multiplication by ,/p. The quasi-polarization induced by Ag is a
perfect alternating pairing (, ) : My x My — Z, such that (az,y) = (z,ay) for all
a € Rand z,y € My. We claim that there exists an R-basis e, e5 for My such that

(3.4) (e1,e2) = (V/pe1,/pe2) =0 and (e, +/pe2) = (/pe1,e2) = 1.
That is, {e1,/Pe2,/Pe1,e2} is a Lagrangian Z,-basis for the symplectic pairing
(, ) on M.

Let K := Q,[,/p] be the fraction field of R. Let

(,)k:Mgx My — RY, RY:={ze€K|trgg,(zR) CZy} = (2\/p) 'R

be the unique R-bilinear alternating form such that (x,y) = trx q(x,y)x, where
tri /g, denotes the reduced trace from K to Q,. Put ¢k (z,y) = (2/p)(%,y) k-
Then v : My x My — R is a perfect alternating R-bilinear pairing. Choose
an R-basis eq, ey for My such that ¢k (er,e2) = 1. Using the formula (z,y) =
tr g, (2y/P) "k (2,y), we check (3.4) as follows:

<\/];61,62> = <61, \/]362> = tI‘(Q\/ﬁ)il\/f) =tr 271 = 1,
(e1,e2) = tr(2y/p) ' =0, (ype1,/pe2) = (e, pea) = 0.
Step 3. Let o : A — Ay be any isogeny of degree p defined over F,, and let

A := a*Ao. Then A is a superspecial abelian surface over F,, with 74 = p, and A
has the property ker A = A[F].
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The Dieudonné module M of A fits into VMo = /pMy C M C My with
dim M /M, = 1. Clearly, M is an R-submodule so that F? acts as p on M, and M
is superspecial. Put Mg := My/VMy = Span{éy, és}r,. Define a pairing

(,):MoxMy—Zp, (z,y):=z,Fy).

Clearly, (Mo,VMy) = (VMy, My) = pZ,. Modulo p, one obtains an F,-bilinear
pairing (, ) : Mg x Mo — F, satisfying (é1,é2) = —(é2,€1) = 1 and (é1,é1) =
(é2,€2) = 0. Now it is not hard to see that the condition ker A = A[F] is equivalent
to V(M) = M, which is also equivalent to the condition (M, M) = 0 (see the proof
of [6, Lemma 4.3]). As M is generated by a vector v = aé; + bés, where a,b € Fp,
the condition (M, M) = 0 follows immediately from (v,v) = 0. Thus, one proves
ker A = A[F)].
This completes the proof of Theorem 1.2
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