


ON SUPERSPECIAL ABELIAN SURFACES OVER FINITE
FIELDS II
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ABSTRACT. In [2I] Doc. Math. 21, 2016] the current authors calculated ex-
plicitly the number of isomorphism classes of superspecial abelian surfaces over
any finite field of odd degree over the prime field F;,. The method reduces the
calculation to the prime field case, and calculates the number of isomorphism
classes in each isogeny class through a lattice description. In the present paper
we treat the even degree cases. This complements our earlier results and com-
pletes the explicit calculation of superspecial abelian surfaces. Our method
reduces the calculation to a seemingly unrelated problem on conjugacy classes
of finite order in arithmetic subgroups, which may be of interest in its own
right.

1. INTRODUCTION

Throughout this paper, p denotes a prime number and ¢ is a power of p. An
abelian variety over a field k of characteristic p is said to be supersingular if it is
isogenous to a product of supersingular elliptic curves over an algebraic closure k
of k; it is said to be superspecial if it is isomorphic to a product of supersingu-
lar elliptic curves over k. As any supersingular abelian variety is isogenous to a
superspecial abelian variety, it is common to study supersingular abelian varieties
through investigating the superspecial abelian varieties.

Our goal is to calculate explicitly the number of superspecial abelian surfaces
over any finite field. This is motivated by the search for natural generalizations
of known explicit results of elliptic curves over finite fields to abelian surfaces,
especially from supersingular elliptic curves to supersingular abelian surfaces. Thus,
studying superspecial abelian surfaces becomes a vital step for this purpose.

In [21I] we calculated explicitly the number of superspecial abelian surfaces over
any finite field F, of odd degree over F,,. This extended our earlier works [19] 20]
and [23] contributed to the study of superspecial abelian varieties over finite fields.
In this paper we treat the even degree case. Thus, this complements the results in
loc. cit. and completes the explicit calculation of superspecial abelian surfaces over
any finite field.

A key step in [2I] is the reduction to the case where the ground field is a prime
finite field. This step is achieved by a Galois cohomology argument. Then we
calculate case-by-case the number of superspecial abelian surfaces in each isogeny
class over IF,,. This approach works fine when the field F, of odd degree because we
have an explicit lattice description for abelian varieties over F,. When the degree
[F, : F,] is even, the Galois cohomology argument unfortunately yields no immedi-
ate simplification. However, it leads us to a seemingly unrelated problem, which is
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important but is equally challenging, on counting conjugacy classes of elements of
finite order in arithmetic subgroups. The connection itself is quite straight forward,
though it is applicable to a quite general setting; see Proposition |1.1

For any group G, we denote by ClG the set of conjugacy classes of G and
Clp G C Cl1G the subset of classes of elements of finite order. Let D = D,, o be the
definite quaternion Q-algebra ramified exactly at p and oo, and O a maximal order
in D.

Proposition 1.1. LetIF, be any finite field containing F,> and d any integer strictly
greater than 1. Then the set of F,-isomorphism classes of d-dimensional superspe-
cial abelian varieties over Fy is in bijection with the set Cly G with G = GL4(0O).

By a classical result of Eichler [3], if d > 1, then the class number of My(O)
is equal to one. Thus, for d > 2, any maximal arithmetic subgroup in GL4(D)
is conjugate to GL4(O) by an element in GL4(D) and Proposition does not
depend on the choice of the maximal order O. The main result of this paper is the
following (see Theorem our precise formula), which calculates the number of
superspecial abelian surfaces over F; D > by mean of Proposition

Theorem 1.2. There is an explicit formula for the cardinality of Cly GL2(O).

The strategy of the calculation and detailed formulas are described in Section
The calculation involves class numbers of certain (possibly non-maximal) orders in
the subalgebras of Mats (D) which are the centralizers of elements of finite order.
The expression looks familiar with the geometric side of a trace formula but we
have no idea for this aspect.

This paper is organized as follows. In Section 2, we provide a rather preliminary
account on conjugacy classes of finite orders of groups due to the author’s limited
knowledge. A proof of Proposition is given in this section. Section 3 describes
the main results of this paper. The remainder of this paper is to fill the details of
the computation in Theorem

2. CONJUGACY CLASSES OF ELEMENTS OF FINITE ORDER

In this section we provide a preliminary account of conjugacy classes of elements
of finite orders of groups.

2.1. Preliminaries. For any group G, we denote by ClG the set of conjugacy
classes of G and Cly G C CIG the subset of classes of elements of finite order in G.
It is a basic question to ask whether Cly G is finite, how to calculate its cardinality
if it is finite, or whether there are any connections of Cly G with other objects of
interest. If G is finite, then Cly G = CIG is finite and the cardinality is equal to
the number of mutually non-isomorphic complex irreducible representations of G,
which are necessarily finite-dimensional.

In general, Cly G may not be finite. For example, if G is an abelian group,
then Clg G = Giors is the torsion subgroup which can certainly be infinite. In the
special case G = C*, Gios is the subgroup of all roots of unity, which has rich
arithmetic properties. On the other hand, suppose G is a connected compact Lie
group. Choose a maximal torus T of GG. Since any element of GG is contained in a
maximal torus and any two maximal tori are conjugate under G, the set Cl G then
is in bijection with the quotient T/W, where W is the Weyl group of G relative
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to T, and we have Clg G ~ Tiors/W. Suppose G = GL,(F), where F is any field,
then C1G can be parametrized explicitly by rational Jordan canonical forms.

Another interesting type of groups to consider are those of the form G(F') for a
reductive algebraic group G over a global field F' and their arithmetic subgroups,
or of the form G(F) for a local field F' and their compact subgroups. When F =
R and G is semisimple, Friedmann and Stanley [5] obtain explicit formulas for
the conjugacy classes of fixed finite order in G(R). Below is a finitenss result of
Clo(G(F)) for an non-archimedean local field F' of characteristic zero.

Lemma 2.1. Let G be a connected reductive group over an non-archimedean local
field F' of characteristic zero. Then Clg G(F)) is finite.

Proof. Since char F' = 0, every element in G(F') of finite order is semisimple and
hence it is contained in a maximal F-torus T" of G. Note that there are only finitely
many maximal F-tori up to conjugation by G(F'). Therefore, one reduces to the
case where G = T is a torus. Choose a finite extension K of F over which T splits.
One has T(F) C (K*)4, where d = dim T Since there are only finitely many roots
of unity in K*, the subgroup T'(F)tors is finite. O

The following is a well-known result due to Borel and Harish-Chandra [I].

Theorem 2.2. Let G be a reductive group over a number field F, and T C G(F)
an S-arithmetic subgroup, where S is a finite set of places of F containing all
archimedean ones. Then there are only finitely many finite subgroups of T' up to
conjugation by I'. In particular, ClgT' is finite.

Proposition 2.3. Let A be a finite-dimensional semisimple algebra over a number
field F. Then Clg(A*X) is finite.

Proof. For each positive integer n, denote by Homp (F[t]/(t" — 1), A) the set of
F-algebra homomorphisms from F[t]/(t" — 1) to A, and Homp(F[t]/(t" — 1), A)
the subset consisting of maps ¢ with ord(¢(¢)) = n. The group A* acts on
Homp(F[t]/(t" — 1), A) by conjugation, and we have orbit spaces

HomJ% (F[t]/(t" —1),A)/A* C Homp(F[t]/(t" — 1), A)/A™.

Let Cly(n, A*) denote the set of conjugacy classes of elements of order n in A*.
Clearly this set agrees with the set Homp (F[t]/(t" — 1), A)/A*.

Since A is separable, by the generalized Neother-Skolem theorem due to Pop and
Pop [12], the set Homp (F[t]/(t" — 1), A)/A* is finite. Thus, Cly(n, A*) is finite for
each n. Since Clo(A*) is a union of Cly(n, A*) and Cly(n, A*) is empty for almost
all n, we prove the finiteness of Clo(A4*). O

Now we provide an example showing that Cly G(F') can be infinite for a connected
reductive group G over a number field F'. Take G = SLy and F' = Q. Consider the
subset Cly(4, SL2(Q)) C Clp(SL2(Q)) of classes of order 4. We choose a base point
& = (1) _01> and set K := Q(&), which is isomorphic to Q(/—1). Since every
element £ € SLy(Q) of order 4 is conjugate to & by an element g; in GL2(Q), i.e.
&= glfogl_l. Two elements ¢g; and go in GL2(Q) give rise to the same element ¢ if
and only if g = g1z for some element z € K*. Moreover, suppose &; and &; are two
elements in SL2(Q) of order 4 presented by g1 and g¢a, respectively. Then &; and
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& are conjugate in SLo(Q) if and only if go = hgy 2 for some elements h € SLy(Q)
and z € K*. Therefore, we have proved a bijection

(2.1) Clo(4, SL2(Q)) ~ SL2(Q)\ GL2(Q)/K ™.

Taking the determinant, we have Cly(4,SL2(Q)) ~ Q*/ Ng /(K ™). Note that
Nk g(K*) consists of non-zero elements of the form a? +b* with a,b € Q. By basic
number theory, we obtain the following result.

Proposition 2.4. The set Cly(4,SL2(Q)) is in bijection with the Fo-vector space
generated by —1 and prime elements p withp = 3 (mod 4). In particular, Cly(4, SL2(Q))
is an infinite set.

Remark 2.5. Another way to interpret the previous example is through the point
of view of stable conjugacy classes. Let G be a connected reductive group over
F as before. Two elements £1,& € G(F) are said to be stably conjugate if there
exists g € G(F) such that & = g€g~'. Let G¢ be the centralizer of £ € G(F).
Langlands [9] establishes a bijection between the set of conjugacy classes within
the stable conjugacy class of £ and ker(H'(F,G¢) — H'(F,G)). In the example
where G = SLy and F' = Q, every element of order 4 in SLy(Q) is stably conjugate
to &. Since H'(Q,SL2) = {1} and G¢, coincides with the norm 1 torus T' :=

Nk/o
ker (Resg/g(Gm,x) —— Gim,q), we recover the result
Clo(4,SL2(Q)) = H'(Q,T) = @/ N/ (K ).

2.2. Galois cohomology and forms. Let X be a quasi-projective algebraic va-
riety over an arbitrary field &k, and denote by I'y = Gal(ks/k) the Galois group
of ks/k, where ks is a separable closure of k. Let 3(Xj, ks/k) denote the set of
isomorphism classes of kg/k-forms of Xy. In other words, X(Xy,ks/k) classifies
algebraic varieties X over k such that there is an isomorphism X ®y ks >~ X ®y ks.
It is well known due to Weil that there is a natural bijection X(Xo, ks/k) —
HY (T, Q) of pointed sets, where G = Aut(Xo ® ks) is the group of automor-
phisms of Xy ®; ks equipped with a continuous I'y-action. If I'y acts trivially on
Aut(Xo ® k), namely the natural inclusion Aut(Xyp) — Aut(Xo ® k) is bijective,
then one has H(I'y,G) = Hom(T}, G)/G, where G acts on Hom(I'y, G) by con-
jugation. In addition, if I'y is the profinite group 7 = l'ng/mZ, one obtains a
natural bijection of pointed sets:

(2.2) S(Xo, ks /) = Clo(G), G = Aut(Xo).

Applying Weil’s result to abelian varieties over finite fields, one obtains the following
easy consequence.

Proposition 2.6. Let X be an abelian variety over a finite field F, such that the
endomorphism algebra End®(Xo @) is equal to End’(Xy), and let G = Aut(Xy).
Then there is a natural bijection of pointed sets ¥(Xo,F,/F,) =~ Cly(Q).

Note that the group G in Proposition [2.6] is an arithmetic subgroup of the re-
ductive group G over Q for which G(R) = (End®(X,) ®g R)* for any Q-algebra R.

Proof of Proposition We choose an supersingular elliptic curve Ey over F,
with End(Ep) = O under an isomorphism End’(Ey) ~ D. Put X, = E¢ ®F,, Fq
then we have G = Aut(Xy) = GLq(O) and the Galois group I'p, acts trivially on
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G. By Proposition there is a natural bijection %(Xo,F,/F,) — ClgG. As
X is superspecial of dimension d > 1, for any d-dimensional superspecial abelian
variety X over F, there is an isomorphism X ®p, Fq =~ Xy ®p, ?q; see [10, Section
1.6, p.13]. Thus, X(Xo, ks/k) classifies d-dimensional superspecial abelian surfaces
over IFy up to Fy-isomorphism. This completes the proof of the proposition.

In this paper we compute explicitly the size of Cly G in the case G = GL2(O)
(i.e. d =2). This may serve as a basic sample of calculating |Cly G| for arithmetic
subgroups G. One easily sees that the calculation becomes very complicated when
G is large. Explicit formulas for them seems to be out of reach. Still, the strategy
for computation and structures among various invariants would be worthwhile to
investigate. Perhaps, it is useful to mention the following work to the interested
reader, though these are not used in the present paper.

(a) Conjugacy classes of linear algebraic groups are studied by Springer and
Steinberg [14].

(b) Hashimoto [6] deduces a formula which relates optimal embeddings, semisim-
ple conjugacy classes and class numbers of Levi subgroups of an arithmetic sub-
group. This generalizes some previous methods for parameterizing conjugacy classes
of elements of finite order in Siegel modular groups.

3. THE CARDINALITY OF Cly(GL2(0))

Let D be a finite-dimensional central division QQ-algebra, and O a maximal or-
der in D. Fix an integer d > 1. We explain the strategy for calculating the
cardinality of Cly(GL4(0O)), based on the lattice description of conjugacy classes
n [2I, Section 6.4]. As remarked in Section [1} |Cly(GL4(O))| depends only on
d and D, not on the choice of the maximal order O. So it makes sense to set
H(d, D) := |Clp(GL4(O))|. The strategy is carried out in detail for the case d = 2
and D = D), o, in subsequent sections under a mild condition on p, and the resulting
formula for H(2, D, ») is stated in Theorem

3.1. The general strategy. Given an element © € GLg4(O) of finite order, its
minimal polynomial over Q is of the form

(31) PQ(T):(I)ﬂl(T)(I)nT(T); 1<n <+ < n,

for some r-tuple n = (ng,...,n,) € N", where ®,(T) € Z[T] denotes the n-th
cyclotomic polynomial. For simplicity, we denote the set of strictly increasing
r-tuples of positive integers by N'. Let C(n) C Clo(GL4(0)) be the subset of
conjugacy classes with minimal polynomial P, (T). The subring Z[z] C Mat4(O)
(resp. subalgebra Q[z] C Maty(D)) generated by z is isomorphic to A,, (resp. K,,)
defined as follows

(1] K,

B2 = e mlﬂw NH@ ).

If = 1, we omit the underline in n and write A,, and K,, instead. Hence K,, =
1, K»,, but this decomposition does not hold for A, in general. Let O°PP (resp.
D°PP) be the opposite ring of O (resp. D). We define

(3.3) = A, ®7 O and ., = K, ©g DP.
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Clearly, 7, is an order in the semisimple Q-algebra %, = [[\_, /#,,. Each .7,
is a central simple K,,-algebra, whose left simple module is denoted by W,,. The
dimension e(n) of W,, as a left D°PP-space (or equivalently, a right D-space) is also
the smallest e € N such that there exists an embedding K, — Mat. (D).

Let V = D% be the right D-space of column vectors, and My = O% C V the stan-
dard O-lattice in V. Then Endp(Mp) = Maty(O), acting on My from the left by
multiplication. The conjugacy class [z] € C(n) equips My with a faithful (4, O)-
bimodule structure, or equivalently, a faithful left .o7,-module structure. Similarly,
V is equipped with a faithful left .J%,-module structure. The decomposition of K,
in induces a decomposition

(34) V - @ZZIVTLN

where each V,,, is a nonzero J#;,,-module. Hence V,,, ~ (W,,,)™ for some m,; € N.

Comparing the D-dimensions, we get

(3.5) d=mye(ny) + -+ mpe(n,).

The r-tuple m = (mq,...,m,) € N” shall be called the type of the left J#,-module

V, and the pair (n,m) the type of the conjugacy class [z] € C(n) C Cly(GL4(O)).
A pair of r-tuples (n,m) € N7 x N" is said to be d-admissible if it satisfies

equation (3.5). Let C'(n,m) C Clp(GL4(O)) be the subset of conjugacy classes of
type (n,m). Then we have

(3.6) Clo(GLa(0)) = [[C(m) = ] C(n.m),
n (n,m)

where (n,m) runs over all d-admissible pairs. The same proof of [21, Theorem 6.11]
establishes a bijection between C(n, m) and the set .Z(n, m) of isomorphism classes
of a7/,-lattices in the left .Z,,-module V' of type m. The latter set is finite according
to the Jordan-Zassenhaus Theorem [2, Theorem 24.1, p. 534]. Put o(n) := |C(n)|
and o(n, m) := |C(n,m)| = |-Z(n,m)|. It follows from that

(3.7) H(d, D) = [Clo(GLa(0)| = D Jo(n) = ) o(n.m).

n (n,m)

Now fix a d-admissible pair (n,m) € N" x N” and a left Jtp-module V of type m.
The isomorphism class of an «7,-lattice A C V' is denoted by [A]. Two <7,-lattices
Ay, A2 C V are isomorphic if and only if there exists g € End_, (V)* such that
Ay = Agg (In particular, End, (V) acts on V from the right). Clearly,

(3.8) Endux, (V) = &j=; Endx, (Va,), and Endy, (Vi,) ~ 5, = K, ®g DPP,

where ~ denotes the Morita equivalence of central simple algebras. On the other
hand, End x, (Vy,)°PP is canonically isomorphic to the centralizer of K, in Endp(V, ).
So by the Centralizer Theorem [4, Theorem 3.15],

(3.9)  [Kn, : Q[Bndy,, (Vi) : K] = [Endp(Va,) : Q) = [D : Q)(mie(n;))?.

The structure of End x, (V) is completely determined by (3.8) and (3.9).
For each prime ¢ € N, let A, be the f-adic completion of A, and % (n,m)
the set of isomorphism classes of 7, (-lattices in V;. The profinite completion

A A= [I, A¢ induces a surjective map

(3.10) ®: Z(n,m) — [[ L(n,m).
4
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For almost all primes ¢, the order 47, ; is maximal in J#, ¢, in which case Zp(n, m)
is a singleton by [2, Theorem 26.24]. So the right hand side of is essentially
a finite product. Two lattices A; and Ao are said to be in the same genus if
D([A1]) = P([A2]), that is, if they are locally isomorphic at every prime £. The
fibers of ® partition .Z(n,m) into a disjoint union of genera. More explicitly, for
each element L = ([A}]); € [, Z(n, m), let

(3.11) ZL(n,m,L) =0 (L) = {[A] € L(n,m) | Ap ~ A}, VL.}.

Then Z(n,m) = [[ £ (n, m,L), where L runs over elements of [[, £ (n, m).
Lastly, we pick an o7,-lattice A C V with [A] € £ (n,m,L) and write O, for its

endomorphism ring Endg, (A) C Endy, (V). It follows from [I5, Proposition 1.4]

that .2 (n, m, L) is bijective to the set of right ideal classes of Ox. In particular,

(3.12) |-Z (n, m, L)| = h(Oy).

Another choice A’ with [A'] € Z(n,m,L) produces an endomorphism ring Ox-
locally conjugate to O, at every prime ¢, and hence the same class number h(Op/) =
h(On). If o, is maximal at ¢, then (Oa), is a maximal order in End ., (V), =
End ., ,(Ve)

In summary, the calculation of H(d, D) is separated into 3 steps:

(1) for each 1 < r < d, list the set T(d,r) of all d-admissible pairs (n,m) €
N” x N7. We set T (r) = T(d,r) if d is clear from the context.

(2) For each (n,m), classify the genera of <,-lattices in the left .#,-module V'
of type m. This amounts to classifying the isomorphism classes of .47, -
lattices in V4. Only the primes ¢ with .27, ; non-maximal come in to play.

(3) For each genus, write down (at least locally) the endomorphism ring of an
lattice member and calculate its class number. The sum of all these class
numbers is H(d, D).

Remark 3.1. We make a couple simplifications for the calculations.
(i) The center Z(GL4(O)) = {£1} acts on Clo(GL4(O)) by multiplication and
induces a bijection between C(n) and C(n'), where n' is obtained by first defining

an intermediate r-tuple nt := (nf,...,n}) with
(3.13) nf =< n, if 4| n,,
n;/2 otherwise,

for each 1 <4 < r, and then re-arrange its entries in ascending order. For example,
if n = (3,4), then n' = (4,6). Thus o(n) = o(n') and only one of them needs to be
calculated.

(ii) Let u be the reduced degree of D over Q, and A an .7,-lattice in the JZ,-
module V of type m. For almost all primes ¢, we have O°PP ® Z, ~ Mat,,(Z,), and
hence <7, ; ~ Mat, (A4, ¢). Fix such an ¢. It then follows from Morita equivalence
that Ay ~ (A))" and Vp ~ (V/)*, where A} is an A, ¢-lattice in the K, -module
V) =TI, Vy,, ;- Each V] ,is a free K,,, ;-module of rank

(3.14) dimg(D™ M) /(u[K,, : Q]) = um;e(n;)/o(n;).

The association Ay — A establishes a one-to-one correspondence between %5 (n, m)
and the set of isomorphism classes of A,, ¢-lattice in V;/. Moreover, End, ,(Ag) =
EndA@,z (Az) .
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3.2. Explicit formulas for H(2, D, ). First, we list all 2-admissible pairs (n,m) €
N x N7 for r = 1,2. Note that e(n) < 2 only if ¢(n) = [K, : Q] < 4, ie.
n € {1,2,3,4,5,6,8,10,12}. More explicitly,
e if n € {1,2}, then K,, = Q and e(n) = 1;
o if n € {3,4,6}, then [K, : Q] = 2. We have e(n) = 2 if p splits in K,,, and
e(n) = 1 otherwise.
e if n € {5,8,10,12}, then [K, : Q] = 4 and e(n) > 2. The equality holds if
and only if p does not split completely in K.

Thus we have
T1)={(n,m) e NxN|ne{l,2,3,4,5,6,8,10,12}, me(n) = 2},
T(2) = {((n1,n2), (m1,mz)) € N> x N? | ny < ng,n; € {1,2,3,4,6}, mge(n;) = 1}.

For each n € N" with r = 1,2, there is at most one m € N” such that (n,m) is

2-admissible. So we omit m from the notation .Z(n,m) and write .£(n) instead.
By Remark we have

o(1) =0(2) =1, 0(3) =0(6), o(5) = 0(10);
0(1,3) = 0(2,6), o(1,4) = 0(2,4), o(1,6) = 0(2,3), 0(3,4) = o(4, 6).

Theorem 3.2. Let D = D,  be the quaternion Q-algebra ramified exactly at p

and oo, and O a mazimal order in D. We have
s 15 H(2,D, ) =|Clo(GL2(0))| = 2 + 20(3) + 0(4) + 20(5) + 0(8) + 0(12)
(3.15) +0(1,2) +20(2,3) + 20(2,4) 4+ 20(2,6) + 20(3,4) + 0(3,6),

where the value of each term is as follows:
e 0(3)=2— (_73),
o o(d) =2 (*74)
if p=5;
ifp=1 (mod 5);
if p=2,3 (mod 5);
ifp=4 (mod 5);
1 ifp=2;
e 0(8) =<0 ifp=1 (mod 8);
4 ifp=3,5,7 (mod 8);
3 ifp=23;
e 0(12) =<0 ifp=1 (mod 12);
(

=N O =

4 ifp=5,7,11 (mod 12);
e 1 () 22 (5)
A EN0-G) e m
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Corollary 3.3. Keeping the notations of Theorem[3.3, we have

H(2,Dpn)

3.16 1 okl .

(3.16) i T

Proof. By Theorem the dominant term of H (2, Dp ) is o(1,2), which is as-
ymptotic to (p — 1)2/9 as p tends to infinity. O

For ease of exposition of the present paper, we will work out the calculation
of each o(n) in Theorem under the assumption that A, ®z Z, is an étale Z,-
algebra. For example, if r = 1, this simply requires p to be unramified in K,.
Note that this assumption holds automatically when p > 7 so it rules out at most
p = 2,3,5. Section [ treats the elementary case where r = 1. The remaining case
r = 2 is called non-elementary and is treated in Section[5] The calculation of class
numbers of certain complicated orders arose in Section [5is postponed to Section [6}
The handful cases where the assumption fails will be treated in an upcoming paper
[22], where the ramification requires much greater care.

Remark 3.4. Karemaker and Pries [8, Proposition 7.2] give a full classification of
the types of principally polarized simple supersingular abelian surfaces (A, \) over
a finite field Fy with Autg (A, A\) = Z/2Z. They also prove [8, Proposition 7.6] that
if p > 3, then the portion of IF,--rational points of the supersingular locus As
which represent (A, \) with Autg (A, A) # Z/2Z tends to zero as r — co. They ask
weather or not the majority of principally polarized supersingular abelian surfaces
over F,» are those with normalized Weil number (1,1, —1,—1). From Theorem
and [21, Theorems 1.1 and 1.2] we see that the portion of superspecial abelian
surfaces over Fp» with normalized Weil number (1,1, -1, —1) (with r fixed) tends
to one as p — oo. However, to deduce the similar result for supersingular abelian
surfaces, one could use the argument of [I8, Section 5] where we compute the size
of the isogeny class corresponding to the Weil number /p” with odd r.

4. COMPUTATIONS OF THE ELEMENTARY CASE

Throughout this section, n denotes one of the integers {3,4,5,8,12}, and D =
Dy, the quaternion Q-algebra ramified exactly at the prime p and co. The goal
of this section is to calculate the terms o(n) in Theorem under the assumption
that p is unramified in K, (i.e. p {1 n). Note that p splits completely in K, if
and only if p = 1 (mod n). By the discussion at the beginning of Section if
n € {5,8,12} then we further assume that p # 1 (mod n), for otherwise o(n) = 0.

The cyclotomic field K,, with n € {3,4,5,8,12} has class number 1 by [I7]
Theorem 11.1]. For n € {3,4} and p = 1 (mod n), let 2, denote the quater-
nion K,-algebra ramified exactly at the two places of K, above p. Since D°PP is
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canonically isomorphic to D, we have

D, ifne{3,4fandp=1 (mod n),

4.1 Jp =K, ®g D =
(4.1) © {Matg (K,) otherwise.

The order &7, C J, is maximal at every prime £ # p. It is also maximal at p when
n € {3,4} and p=1 (mod n). Let V ~ D? be the unique faithful left .#,-module
of D-dimension 2 (as a right D-vector space). Then V is a free .#,-module of rank
1if n € {3,4}, and a simple J%,-module if n € {5,8,12}. By and , we
have

K, ®9 D if n € {3,4},

4.2 &, = End (V) ~
(4.2) ndor, (V) {Kn it n e {5,8,12}.

If n € {3,4}, then &, is a quaternion algebra over the imaginary quadratic field K.
Hence &, verifies the Eichler condition [I3] Definition 34.3], and Nr(&*) = K* by
[16, Theorem IIT.4.1].

Let A be an &,-lattice in V, and Op := Endy, (A). The order Oy C &, is
maximal at every prime ¢ # p by the maximality of <7, ,. If n € {5,8,12}, then
A, C Op C K,,, and hence Oy = A, which has class number 1. If n € {3,4},
then Oy is an A,-order in &,. We claim that h(Ox) = 1 in this case as well. If p is
inert in K, then it will be shown that O, is an Eichler order in Proposition [4.1]
otherwise Op is maximal in &,. Thus h(Op) = h(A,) = 1 by [16, Corollaire I11.5.7].
It follows that for all n € {3,4,5,8,12} and p 1 n,

(4.3) o(n) =[] ()| = % n).
J4

For each f € N, let Z,s = W(F,s), the ring of Witt vectors of F,;. Then
Qps := Zypr[1/p] is the unique unramified extension of degree f of Q,,.

Proposition 4.1. Suppose that n € {3,4} and ptn. Then

R )

Proof. If p splits in K,,, then o7, is a maximal order in .J#,, so there is a unique
genus of «7,-lattices in V. We have o(n) =1 by ([4&.3).

Suppose that p is inert in K,,. Then e(n) = 1, and V is a free J#,-module of
rank 1. We have A, , = A,, ® Z,, = Z,2, so by [16, Corollaire I1.1.7],

. - Ly> L2
It follows that any <, p-lattice A, C V} is isomorphic to one of the following

Lz Ty R/ Lo Ty
prz prz ’ prz sz ’ sz sz '

Correspondingly, (On), is isomorphic to

L2 D
Mat2 (Zp2), (pr2 Zp2> s Matg (Zp2)7
which verifies the claim above (4.3)) that O is an Eichler order when p is inert in
K,,. We conclude that o(n) = 3 by (4.3). O
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Proposition 4.2. Suppose that n € {5,8,12} and p 1 n. Then the formulas for
o(n) in Theorem hold. More explicitly,

(1) o(n) =0 if p=1 (mod n);

(2) o(5) =2 if p=2,3 (mod 5);

(8) o(n) =4 in the remaining cases.

Proof. Ouly part (2) and (3) need to be proved. Suppose that p £ 0,1 (mod n).
Then e(n) =2, and V is a simple J#,-module.
If n=>5and p=2,3 (mod 5), then

Zs  Dipa
Asp =~ Lps, and Asp = Asp ¥z, Op = (prp‘1 Zi“) .

Any o p-lattice A, C V, is isomorphic to Ly or Lys . Hence o(5) = 2 in
’ pr4 Zp4

this case.
For the remaining cases, we have

B N A Lp2 Ly Lz Ly
G p = Anp ®z, Op = (L2 X L) ®z, Op =~ (pr2 sz) x (pr2 Lz )

Every 7, p-lattice A, C V,, decomposes into Al(,l) o AZ(,Q), where each Al(,i) is a

L2 Ly L. ) @ ,
(pr2 sz)_lattlce in the simple Maty(Q,2)-module V" ~ (Q,2)?. There are 2

isomorphism classes of Az(,i) for each i = 1,2. Therefore, o(n) = 22 = 4. ]

5. COMPUTATIONS OF NON-ELEMENTARY CASES

We treat the non-elementary cases
(5.1) n = (n1,n2) € {(1,2),(2,3),(2,4),(2,6),(3,4),(3,6)},
under the assumption that A, , = A, ® Z, is étale over Z,. Equivalently, p is
assumed to satisfy the following two conditions:

(I) p is unramified in K,,, = Q[T]/(®,,(T)) for i =1,2;

(II) App =Z,[T]/(®n, (T)Pp,(T)) is maximal in K, ;.
This rules out at most p = 2,3. There exists a faithful left J#,-module V ~ D? if
and only if e(n;) = 1 for both ¢ = 1,2. Thus o(n) = 0 unless p is inert in K,,, when
[Kn, : Q] = 2. So we make further restrictions on p as listed in Table

By (3.4), V = V,,, ®V,,,, where each V,,, is a simple .7, ,-module with dimp V,,, =
L. Therefore, &, := End, (V) = End.z, (Va,) X End.y,, (Vy,), and

D it K, = Q;

5.2 Vi=1,2, Endy (V)=
(5.2) i nde,, (Va,) {Kn if K, Q| = 2.

Let Ok, = Z[T]/(®y, (T)) x Z[T]/(®n,(T)) be the maximal order of K,,. There
is an exact sequence of A,-modules

(5.3) 0— A, = O, 5 ZIT) (@, (T), , (T)) = 0,
where ¢ : (2,y) — Z — . The indices [Of, : A,] are listed in Table
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TABLE 1.

n Ky = Kn, x Ky, | [Ok, @ An) bn Conditions on p
(1,2) QxQ 2 D x D p#E2
23] QxQW=3) 1 D x Q(/3) p=2(3)
2.4 QxQWI) 2 D x Q1) p=3(4)
(2,6)| QxQW3) 3 D x Q/=3) p=2(3)
(3.9 | QW3) xQW—T)| 1 | QW=3)xQW-T)| p=11(1
(3.6 | 0W=3) QW 3)| 4 |QW3)xQW3) | p=2(3), p£2

For s = 2,3, let ps be the unique prime ideal of Ays above s, which has residue
field Ags/ps = Fy. Similarly, let g2 = 243 be the prime ideal of As above 2. We
write down the non-maximal orders A,, explicitly using (5.3):

(5.4) Ao ={(a,b) €ZxZ]|a=0b (mod2)};
(5.5) A2,25) = {(a,b) € Z x Ag, | (a mod s) = (bmod p,)} for s =2,3;
(56) A(g,ﬁ) ~ {(a, b) € Az x As | a=b (mod q2)}7

where Ag = Z[T]/(T? — T + 1) is identified with A3 = Z[T]/(T? + T + 1) via a
change of variable T'+— —T. Applying [2I, Lemma 7.2] if necessary, we have

(5.7) h(A@s.4)) = M(Age) = 1.
Recall that the class number of O is given by

o0 wm (- ()1 ()

By our assumptions, the order <, is non-maximal at a prime ¢ if and only if one
of the following mutually exclusive conditions holds: (i) £ = p and n # (1,2); (i)
(][O, : Ayl

Proposition 5.1. Let n = (ny1,n2) be a pair in , and p € N a prime satisfying
the corresponding condition in Table[]l Then

% ()] = [Kn, : Q|[Kn, : Q.
For any a,-lattice A C 'V, the endomorphism ring Op = Endy, (A) is mazimal at
p.

Proof. By assumption (II), Anp = An, p X An, p. Consequently, A, decomposes
as Ap, p ® Ap, p, where each A, , is an 7, ,-lattice in the simple 7, ,-module
Vi p- It is enough to show that the number of isomorphic classes of 47,, ,-lattices
in Vp, p is [Ky, : Q], and Endgy, (A, p) is maximal for each i = 1,2.

If K, = Q, then @7, , = O,. We have Ay, , ~ Op, and Endgy, ,(An, p) = Op.
If [Ky, : Q] = 2, then A, , ~ Z,> since p is inert in K, by our assumption. It

. - o~ Ly Lp s is ; ;
follows that @7, , = Zy> ®z, Op ~ (pr2 Zp2>’ and A,, p is isomorphic to either

Ly Ly B
(pr2> or <Zp2>' In both cases, Endyy,  (An, p) = Zpz. O
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Corollary 5.2. (1) 0(2,3) = (1 - (?)) h(O) for all p # 3.
(2) 0(3,4) = (1 - (%)) (1 - (%)) for all p # 2, 3.

Proof. Suppose that n € {(2,3),(3,4)}, and p satisfies the corresponding condi-
tion in Table We have A, = Ok, so &, is maximal at every prime £ # p.
By Proposition the endomorphism rings of 47,-lattices in V' are maximal or-
ders in End_, (V'), which share the same class number. It follows that o(n) =
|-Z,(n)|h(O4) for any o7,-lattice A C V. If n = (2,3), then Endy, (V) = D x K3,
and h(Oy) = h(O)h(As3) = h(O). If n = (3,4), then End, (V) = K3 x K4, and
Op = A3 x Ay, which has class number 1. B

For the remaining primes p considered in the corollary, both sides of the formulas
are zero. The corollary is proved. [

For the rest of this section we assume that
(5.9) ne€{(1,2),(2,4),(2,6),(3,6)}
and ¢ € N a prime divisor of [Og, : A,]. Note that ¢ is uniquely determined

by n for each n. Since ¢ # p by our as;urnption, we have Op ~ Mats(Z¢). By
Remark the classification of isomorphism classes of .7, ¢-lattices in V; reduces

to that of A, ,-lattices in the K,, ;-module V/, where V; = (V/)? and

(Kn.e)? = (Q2 x Q2)? ifn=(1,2) and (=2
(5.10) V) >~ S (K2,4)% X Kas o = Q2 x Kog s if n=1(2,2s) and £ = s € {2,3};
Kne= Q4 xQq ifn=1(3,6) and ¢ =2.

First, we treat the cases n € {(1,2),(3,6)}, for which V/ is a free K,, ;-module,
and ¢ = 2 for both n. Let ¢, be the K, o-rank of V3, ie. ¢, =2 if n = (1,2),
and t, = 1if n = (3,6). By [2I, Lemma 7.1], A, is a Bass order for botlﬂ n, and
0 is Ap2 = Ap ® Zy since the Bass property is local (See [2, Section 37] for the
concept of Bass orders). It follows from the results of Borevich and Faddeev [2
Section 37, p.789] that any A, o-lattice A5 C V5 is isomorphic to R; & --- & Ry,
for orders Ry C --- C R, containing A, 2 in K, 2. The multiset {R1,..., Ry, } of
orders with multiplicities is completely determined by the isomorphism class of A,
and vice versa.

Proposition 5.3. 0(3,6) =2 (1 — (%))2 for all p # 2,3.

Proof. Ounly the case p = 2 (mod 3) and p # 2 requires a proof. For n = (3,6),
Ok, , is the only order in K, » properly containing A, 2 by (5.6). So any A, »-
lattice A in Vy ~ K, 5 is isomorphic to A, 2 or Ok, ,. Correspondingly,

Aﬂ)g if A/2 >~ Aﬂ’%
OK@? if A/2 ~ OK

(5.11) Endga, ,(A}) = {

and the same holds for End, ,(A2) by Remark It follows from Proposition
that

n,2?

A, if Ag >~ (A,2)2,

Endg, (A) =
nd, (A) {OKn if Ag (OKE,2)2

1In fact, An is Bass for all n = (n1,n2) € N2. But the same cannot be said for n e N™ with
r > 3 since A(1,2,4) = Z[T)/(T* — 1) already provides a counterexample.
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for any of,-lattice A C V. Recall that h(A,) = h(Ok,) = 1 by (5.7). Therefore,
when n = (3,6), p=2 (mod 3) and p # 2, we have

o<n>=|zz<n>-|zp<n>|=2-4=2(1—(‘3))2. 0

b

Now suppose that n = (1,2). Then K,, = Q x Q, and A, is the unique suborder
of index 2 in Ok, = 7Z x Z. To write down the formula for o(1,2), we define a few
auxiliary orders. Let O(1,2) := O x O, a maximal order in End_, (V) = D x D.
Fix an isomorphism Oy ~ Matg(Zs), and thereupon an isomorphism

@1(1,2)2 = (O X O) ®Z2 ~ Matz(ZQ X ZQ) = Matg(OKﬁz)

Let Og(1,2) and @16(1,2) be the suborders of Q;(1,2) index 8 and 16 respectively
such that

A, 20
©8(17 2)2 = n,2 Kn2 , @16(1, 2)2 = MatQ(Aﬂ,g);

Ok,, Ok,.,

@i(L 2)@/ = @1(1, 2)@/ v prime El 7é 2 and i = 8, 16.

(5.12)

Proposition 5.4. If p = 3, then o(1,2) = 3. For p # 2,3, we have
0(1,2) =h(01(1,2)) + h(0s(1,2)) + h(014(1,2))

(513) S (- () - ()
H-G)-()

Proof. Throughout this proof, we assume that p # 2. By (5.10)), V5 is a free K, »-
module of rank 2. Any A, o-lattice A5 C Vj is isomorphic to A 2@(0;( ,)?77 with
Jj =0,1,2. Correspondingly, the endomorphism ring Enda, , (A2) is isomorphic to

01(1,2)s, @8(1 29, 016(1,2)s.

Since |-Z,(n)| = 1 by Proposition [5.1] there are three genera of o7,-lattices in V.
Each is represented by a lattice w1th endomorphlsm ring Q;(1,2) for i € {1,8,16},
respectively. It follows that

(5.14) 0(1,2) = h(04(1,2)) + h(0g(1,2)) + h(014(1,2)).

The class numbers h(Qsg(1,2)) is given by @ If p = 3, then h(016(1,2)) =1Db
Remark-, otherwise h(Q14(1,2)) is give by (6.12). Lastly, we have h(01 (1, ))
h(©O)2. The explicit formula for o(1,2) follows from O

Finally, we study the terms o(2,2s) for s € {2,3}. We have [Og, : A,] = s,
and End, (V) = D x Ka, by . Let ©(2,2s) be the maximal order O x
Ass C End g, (V). Recall that p # s by our assumption, so we fix an isomorphism
O, ~ Maty(Z,). By an abuse of notation, we still write p, for the unique prime
ideal of Ay s above s. Let 0,2(2,2s) be the suborder of index s? in 0 (2,2s) such

that
({a“ “12] ,b> € 01(2,25),
az1 Qa22

(5.15)
1(2,28)p V prime ¢ # s.

as =0 (mod s) )
(a2 mod s) = (b mod py)
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Proposition 5.5. Suppose that s € {2,3} and p satisfies the corresponding con-
dition for n = (2,2s) in Table[]l Then o(2,2s) = 2h(01(s,2s)) + 2h(042(2,2s)).
More explicitly,

= (3232 (- () e
o= (732 () 46 () s

Proof. For the explicit formulas for 0(2,4) and o(2, 6), only the cases that p satisfies
the corresponding condition in Table [] is nontrivial and need a proof.

Let V] = Q2 x K5 s = Qs @ K,, s be the module over K,, s = Qg x Ko, in
. We claim that any A, s-lattice A, C V/ is isomorphic to ¥o := Zs @ Ok, ,
or X :=7Zs;D A, ;.

Without lose of generality, we may assume that

(5.16) Ok, . N, =72® Ay, s =Z;® Ok, , = Xo.

n,s

By (5.5), the Jacobson radical J; = sZs X ps of Ok

... is contained in 4,, s, and thus
coincides with the Jacobson radical of A4, ;. Theiquotient Apn.s/Js ~ Fs embeds
diagonally into Ok, ,/Js ~ Fs x Fy. We have

(1) Js2o C A/S, B B

(ii) the Fg-vector space A, := AL /JsXo generates the Fy x Fy-module ¥ :=

$0/JsXo = F2 x F,.

In particular, dimp, A, > 2 since A/, projects surjectively onto both factors F? and
F, of £. By Nakayama’s lemma, the association A’, — A, establishes a one-to-one
correspondence between the set of A,, ;-sublattices of ¥ satisfying and the
set of Fy-subspaces of ¥ satisfying property (ii) above. Two A,, -sublattices A’
and A” of ¥y satisfying are isomorphic if and only if there exists

g < EndoKﬂ‘S (EO)X = GLQ(ZS) X A;s,s

such that A{g = A{. In light of the correspondence above, Aj ~ A{ if and only if
there exists § € Endp, xr, (20)* = GL2(Fs) x FX such that ALg = A”. There are
two cases to consider:

o if dimp, I:VS =3, then A, = ¥, and hence A/, = %; B B
o if dimp, A} = 2, then there exists § € GLa(Fs) x F) such that Alg =X =
F, & (A s/Js). Therefore, A} ~ ¥ in this case.

The claim is verified. Direct calculation shows that
2.28)4 if A/ ~ %
Endg, ,(A}) = {@1( R Bt

042(2,25) if Al ~ 3.
The classification at s partitions the set of isomorphism classes of &7,-lattices A C V/
into two subsets, according to the local isomorphism classes of A;. Each subset
consists of two genera by Proposition 5.1} Taking into account of the maximality
of End,  (A,) for every A, we have

(5.17) 0(2,25) = 2h(01(2,25)) + 21(042(2,25)).

The class number of Q4(2,4) and Qg(2,6) are calculated in Proposition and
h(01(2,2s)) = h(O)h(Azs) = h(O) for s € {2,3}. The explicit formulas for o(2,4)
and o(2, 6) follow directly. O
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Remark 5.6. When n = (2,6), A, ~ A1) = Z[T]/(T? — 1) coincides with the
group ring Z[Cs] for the cyclic group Cs of order 3. The classification of A,, 3-
lattices is equivalent to that of Zs-representations of C3. Similarly, A 4) is a
quotient of Z[Cy4]. Therefore, one may also apply the result of Heller and Reiner [7]
on indecomposable integral representations over cyclic groups of order p? (p € N a
prime) to obtain the claim in Proposition

6. CLASS NUMBERS OF CERTAIN ORDERS

In this section, we compute the class numbers of the orders Qg(1,2), 014(1, 2), 04(2,4)
and Qgy(2,6), defined in and (5.15). Throughout this section, the prime p is
assumed to satisfy the corresponding condition in Tablefor n=(1,2),(2,4),(2,6)
respectively.

First, we recall some properties about ideal classes in more general settings. Let
R C S be two Z-orders in a finite dimensional semisimple Q-algebra B. There is a
natural surjective map between the sets of locally principal right ideal classes

7 : CI(R) — CI(S), ] — [IS].
The surjectivity is best seen using the idelic language, where 7 is given by
(6.1) 7 BX\B*/R* — B*\B* /8%, B*aR* — B*28*, Va e B,
Let J C B be a locally principal right S-ideal. We study the fiber a1 ([J)).

Write J = 28 for some z € EX, and set Sy := O;(J) = BN aSz~!, the associated
left order of J. By (6.1)), we have

(6.2) Y [J]) = 7 (B*28%) = BX\(BX28%) /R*.
Multiplying B% 28> from the left by 2! induces a bijection between B\ (B*28*) /R *
and the set

(27 B*2)\ (2~ B*28%) /R*
which is in turn isomorphic to (z7!B*z N &*)\&*/R*. Therefore, we obtain a
double coset description of the fiber
(6.3) () = (27 S a)\S* /R”.

Lemma 6.1. Suppose that Sx C ./\/'(7/?\,), the normalizer of R in BX. Then the
suborder Ry := xRx~1NB of Sy is independent of the choice of x € B* for J, and
_ 8% RX

) = S R
S5+ Rj]

Proof. Suppose that J = 'S for ' € BX as well. Then there exists u € S* such
that 2’ = zu. Since ¥ C N (R), we have

PR INB=2uRu e ' NB=2Re 'NB=R, C Sy,

which proves the independence of R ; on the choice of x. If I is a locally principal
right R-ideal such that IS = J, then R; = O;(I), the associated left order of I.
Conjugating by x € B* on the right hand side of 1} we obtain

(6.4) 7Y () = SA\(@8* 2™/ (aR aY) = SA\SF /R
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The assumption S CN (7%) also implies that RX <48 X and hence 7%5 < 3‘;
and R; <S7. The left action of S on the quotient group S5 /R factors through
S7/R; €87 /R, and its orbits are the right cosets of 7 /R in S /7@? Thus

[T (D] =187 - R7/IST < R3] = 18"« R¥]/IS] + R]. 0

Remark 6.2. The condition S* - N(ﬁ) implies that RX < Sx. However, the
converse does not hold in general. It is enough to provide a counterexample locally

at a prime ¢, say, £ = 2. Let Sy := Mato(Zs), and Ry = <2ZZ? ZZZZ)’ an Eichler
2 2
order of level 4 in Sy. Then

1 0

R; = {’I’ € Matg(Zg) | xTr = <0 1

) (mod 282)} S‘ SX = GLQ(ZQ)

On the other hand, let u = (é }) €8, and y = ((1) 8) € Ro. Then

= ()Y D)6 e

Corollary 6.3. Keep the notation and assumption of Lemma (6.1} If the natural
homomorphism S; — S} /R’ is surjective for each ideal class [J] € CI(S), then w
is bijective.
Proof. It is enough to show that 7 is injective. The surjectivity of S} — 3\; /ﬁj
implies that the monomorphism S} /R7 < S5 /R is an isomorphism, and hence
[T (IDI =[S /R) : SF/RF] = 1. O

Let D = D, o be the unique quaternion algebra over Q ramified exactly at p
and oo, and O C D a maximal order in D. Let s € {2,3}, and assume that p # s.
Fix an isomorphism O ®z Z; ~ Mato(Zs). We write O®) for the Eichler order of
level s in O such that O®) @ Z, = O @ Z, for every prime £ # s, and

Z. Z.

LY//N

The formula for A(O®)) is given in [I1, Theorem 16]:

Con ST 2)
+ % (1 _ (;‘)) <1+ (j)) . forse{2,3) and p # .

Proposition 6.4. Suppose that s € {2,3} and p # s. Let Q,2(2,2s) be the order
defined in . Then

(a) h(Ou2,4) =% (= (52)) iFp#2

(b) h(0s(2.6) = § (p— (52)) ifp#3.
Proof. For simplicity, we set Qg2 = Q,2(2,2s), and define Q, := O) x Ay, which
contains O,z and is a suborder of index s in Q1(2,2s) = O x Ags. Recall that pg

denotes the unique ramified prime in As;. We have Aog/ps = F, and the canonical
map Aj, — (Aas/ps)* = FX is surjective.

O(S) ®Zs — |:

(6.5)
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It is straight forward to check that 0 C N(Qy2), and QX /0% = FX. Let Z(O,)
be the center of Q5. Then Z(0Qy) = Zx Ass, and its unit group Z(0,)* = {£1} x A5,
maps surjectively onto @} /OQ%. Since Z(Q,) = Z(0O;(J)) for every locally principal
right ideal J of Qy, the assumptions of Corollary [6.3] are satisfied. Therefore,

R(Qg) = h(0,) = h(O®P)h(Azs) = H(O®),  for s =2,3.

Applying formula (6.5)), we obtain
1 —4
p@i ) =m0 =1 (0= (1)) itp22

h(Qy(2,6)) = h(O®)) = % (p — (f’)) if p # 3. O

Next, we assume p # 2 and calculate the class numbers of the orders Og(1,2),
016(1,2) C D? defined in (5.12). By an abuse of notation, we still write 03 for

the Eichler order of O of level 2 such that O® @ Z, = %2 QZZQ and O @7, =
2 2

O ® Zy for all £ # 2. For simplicity, let O5 = O4(1,2) for s = 1,8, 16, and define

4= 0@ x 0@ which is a suborder of @; of index 4 containing Qg. One
checks that @) C N'(DQg), and O = &, so the assumptions of Corollary [6.3] are
automatically satisfied. We have

6.6)  h(Os(1,2) = h(O? x OR) = HOD)? = 116 ( _ (;‘))2

To calculate the class number of Q1g, we first note that 20; C Q4, and the
quotient ring 016/20; = Maty(Fy) embeds diagonally into Qq/20; = Maty(Fq)?.
In this case, O} is not normal in O, so 0F Z N (0yg).

Consider the natural surjective map 7 : Cl(@m) — Cl(Oy). If [J] € C1 (0)1 is a
right ideal class of @ with J = 20, for an element z € (ﬁx)2 then by (6
has a bijection

6.7) 7 Y[J]) ~ 27 '0%2\0F /O, where O = 0y(J) = D*Nz0z"!

If p # 2,3, then O] ~ Cy;, x Cy;, for some 1 < jy, jo < 3. Here C,, denotes a cyclic
group of order n. Given an arbitrary set X, we write A(X) for the diagonal of X?2.

Lemma 6.5. (1) Let [J] € C1(04) be a right ideal class of Q1. If QO =~ Caj, X Csj,,
where 1 < j1,j2 < 3, then there is a bijection 7= *([J]) ~ C};,\S3/Cj,, where S,
denotes the symmetric group of n letters.

(2) For 1 < ji,ja2 < 3, put ¢;, j, = |C;,\S3/C},|, whose value is listed in the
table below:

one

Cj1,52 1123
1 61312
2 3121
3 21112

Proof. (1) We may regard Csj, X Cajy = x‘l([));x as a subgroup of 0. As 1420, C
(0)167 modulo this subgroup, one has (O) /(0)16 ~ (GLy(F2) x GLa(F3))/A(GL2(F2)).
For any unit ( € O%, we have elther ¢* =1or (% =1, and Z[(] coincides with
the ring of integers of Q(¢). By a lemma of Serre, if ¢ is a root of unity which
is congruent to 1 modulo 2, then ¢ = £1. Thus, for 1 < j < 3, the map Cy; —
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GL3(F2) factors through an embedding C; ~ (Cs;/Cs) — GLa(F2). Note that
GLy(Fy) ~ S3. Since cyclic subgroups of order j of S3 are conjugate, the double
coset space (Cj, x C;,)\(S3 x S3)/A(S3) does not depend on how C; embeds into
S3. Every element of (S5 x S3)/A(S3) is represented by a unique (a, 1) with a € Ss.
For (c1,¢c) € Cj, x Cj,, one has (c1,¢2) - (a,1) = (18, ¢2) ~ (cracy ', 1). The map
(a,1) = a yields a bijection (C}, x Cj,)\(S3 % S3)/A(S3) ~ C},\S3/C},. Therefore,
there is a bijection

7 ([J]) = (Cjy x Cjy)\ GLa(F2)?/A(GLa(F2)) =~ C;j,\S5/Cj,

(2) This is clear if one of j; is 1 or 3 as C5 is a normal subgroup of S3. To see
c2,2 = 2, one may view Cy as a Borel subgroup of S3 = GLy(F3) and this follows
from the Bruhat decomposition. O

Remark 6.6. Suppose that p = 3. By [I6, Proposition V.3.1], we have h(O) = 1,
and 0% /{£1} ~ S3. It follows that h(Q1) = h(O)? = 1, and hence Cl(Q14) =
7 H([04]) ~ O\OJ /O by . The same line of argument as that of part (1)
of Lemmashows that h(Q16) = |(S3)3\(S3)2/A(S3)| = 1.

Now assume that p # 2,3. For n =1,2, 3, put
(6.8) Cl,(0):={[I] € CI(O) | O,(I)* =~ C3,}, and hy = hy,(O) :=|Cl,(O)].
By [16, Proposition V.3.2], if p # 2,3, then

o mo-1-(G0). we3(-(3)

h(O) — ha(O) — hs(O)

" —pm( 5)-:0-(5)

Since there are hj, hj, classes [J] € C1(O;) with @} ~ Cyj, x Cyj,, we obtain

(6.11) hOw6) = Y hjshjycs g,

1<51,52<3

Observe that

e if (j1,J2) # (2,2) or (j1,J2) # (3,3);
Cjr,gz = jlﬁh +% or (j1,J2) = (2,2);
=45 for (ji,j2) = (3,3).
We can express as
(6.12)
h(0(1,2) = > hhhh -+ h2 §h3
1<j1,j2<3

o8- Q 2-Q)
LG () e
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