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ABSTRACT. The study of what we now call Sobolev inequalities has now been
considered for more than a century by physicists, while it has been eighty years
since Sobolev’s seminal mathematical contributions. Yet there are still things
we don’t understand about the action of integral operators on functions. This
is no more apparent than in the L' setting, where only recently have opti-
mal inequalities been obtained on the Lebesgue and Lorentz scale for scalar
functions, while the full resolution of similar estimates for vector-valued func-
tions is incomplete. The purpose of this paper is to discuss how some often
overlooked estimates for the classical Poisson equation give an entry into these
questions, to the present state of the art of what is known, and to survey some
open problems on the frontier of research in the area.
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1. INTRODUCTION

One of the starting points for many interesting questions in harmonic analysis
is a classical problem from the field of partial differential equations, the Poisson
equation: Given f € LP(RY), find u € L}, (R?) such that

loc
(1.1) —Au=finR?

in an appropriate sense. Of course, to compute a distributional solution to (1.1) is
not the difficult part of the problem, as we discuss® below in Section 2. The main
point is that with such a solution we want certain a priori estimates. The three

2010 Mathematics Subject Classification. Primary .
LOur interest here is more than pedagogical, as our derivation gives rise to a new representation
of the solution in the case d = 2, which was originally proven by the author and R. Garg in [22,23].
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most basic estimates (and let us for the sake of discussion assume d > 3 here) one
can ask for are the inequalities

1 2
(1.2) lullporay < CllfllLe ey, a = ; -7
’ 1 1 1
(13) IVull oo gy < O lnmsy, == 55 and
11
(14) IVullrmey < CMflr@n, =7

Then the classical results concerning (1.1) are that
(1.2)  holds whenever 1< p<d/2,
(1.3)  holds whenever 1< p<d,
(1.4)  holds whenever 1< p < 400,

while in the case p = 1 one has a counterexample that shows all three of these
inequalities are all false. This raises two natural questions. Firstly, one poses

Question 1.1. If one insists to obtain estimates for u, Vu, and V2« in terms of
| fll1 ey, what are the best possible spaces for such estimates?

We can give a fairly satisfying answer to this question by replacing the usual
Lebesgue spaces with weak-type spaces, which are now commonplace in harmonic
analysis. In particular, observe that Chebychev’s inequality leads one to a natural
quasi-norm of the functions we wish to estimate with the right scaling

supt|{|u >t} < ||u]| pasa—2 (gay,
t>0
su10)t|{\Vu| > t}|(d_1)/d < Hvu||Ld/(d71)(Rd)7
t>
supt|{[ V2] > 1}] < [V2ul s

Thus, while it is not possible to control the right hand side of these inequalities by
fll 1 (ray, one might try to obtain estimates for the left hand side. This can indeed
be accomplished, that one has the inequalities

(1.5) supt|{[ul > 1}/ < O fl| 11 go),
t>0
(1.6) supt|{|Vu| > ¢}/ < O fl| 1 (ga),
t>0
(1.7) iggtl{IVQU\ > t}] < Cllfllp @ay-

The estimates (1.5) and (1.6) can be obtained by some ideas in the 1956 paper
of Zygmund [60] detailing and extending some results of Marcinkiewicz, while the
estimate (1.7) is in earlier work of Calderén and Zygmund from 1952 (see Lemma
2 in [13)).

This gives a fairly satisfying answer to Question 1.1, and in fact it is the best one
can hope for on the natural Lorentz? scale. On the other hand, one could attempt
to strengthen the hypothesis of the theorem for p = 1 to obtain an analogous result
to the case p > 1, which can be asked as

2We discuss some of the value of the Lorentz spaces in Section 5.3 below, where we also discuss
stronger versions of the Lebesgue results presented here in the Introduction.
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Question 1.2. If one insists to obtain estimates on u, Vu, VZu in the Lebesgue
spaces which scale correctly with [|f[|11(ray, what are the optimal assumptions to
place on f to ensure such estimates hold?

Concretely we are here asking what should one utilize for the right-hand-side in
the inequalities

?

*

2

*

[ull pasca-2 ay <

[Vl La/@—1)gay <
IV2ull ey < 7.
Now for a replacement of (1.4) it was subsequently understood that if one assumes
f € HY(RY), the real Hardy space, then one has the estimate
[V2ull 22 may < C" | f 12wy

and for a number of reasons this is a satisfactory answer. However, this also led to
replacements of (1.2) and (1.3) in terms of the Hardy space,
(1.8) |l Las—2 may < Cl fll2 ey
(1.9) IVull Lo @ay < Ol fll rey,

and the main new directions we are interested in here stem from the fact that these
embeddings are not optimal.

To discuss this lack of optimality let us cast the problem in a slightly more
general setting, introducing the Riesz potentials

1 fy)
Iaf xTr) = / dya
= 50 Jea oyl
for v(a) (defined in Section 2) such that they satisfy the semi-group property
IaIBf = Ia+/3f

for a, B € (0,d) and a+ < d and f sufficiently nice. Then the solution to Poisson’s
equation in the case d > 3 is simply

u = Igf,

while more generally we have a notion of integration in several dimensions which
allows one to integrate a suitably decaying function by order o € (0,d). In contrast
to iterated one dimensional integration, this integration is by construction radial,
taking values of a function on spheres and giving them equal weight to the value of
the potential at the center, closer spheres being weighted more heavily.

In this framework we can write one fundamental estimate from which one can
easily obtain (1.2), (1.3), and (1.4) in the case p > 1, the following theorem about
integrals of the potential type due to S. Sobolev [48] in 1938 (see below in Section
3 for a deduction of the inequalities (1.2), (1.3), and (1.4) from this theorem).

Theorem 1.3. Let 0 < a < d and 1 < p < d/a. Then there exists a constant
C =C(p,a,d) > 0 such that

(1.10) o fllLaray < CllfllLemay
for all f € LP(R?), where

<
SRR
ale
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As in the case of the inequalities (1.2), (1.3), and (1.4), no such inequality can
hold in the case p = 1. The counterexample here is the same as before, and as it is
instructive for our discussion, let us here detail it. Let us suppose one had such an
inequality for all f € L'(R%), and let {f,} be a sequence such that f,, - d;. One
can take, for example, f,(z) = mXB(Q% (z). Then

||I()éanLq(]Rd) S C”anLl(]Rd) = C,
while
1 1
Iafn — Ia k (50 = —,
v(a) [zl

as the Dirac delta is the identity for convolution (this can also be verified to hold
almost everywhere by the Lebesgue differentiation theorem). Thus Fatou’s lemma
would imply

TR
Y(@) [ | Lo (ra)
but as ¢ = d/(d — &), this would mean
1 (d—a)/d 1 |4/d=a) (d—a)/d
Jroo(/Rdex> _</]Rd|x|d_a d:c) < Cv(a),

which is absurd.

By making a stronger assumption, an extension of Theorem 1.3 to the case p =1
was proven by Stein and Weiss in 1960 (see [51]). In particular their result implies
the following

Theorem 1.4 (Stein-Weiss). Let o € (0,d) and 1 < p < d/a. Then there exists a
constant C' = C(p,a,d) > 0 such that

(1.11) T f Il pasa-o@ay < C ([l @ay + |1 RS 11 (raray)
for all f € L*(R?) such that Rf := VI, f € L*(R%;RY)

Remark 1.5. The condition f € L'(R?) and its vector-valued Riesz transform
Rf := VI, f € L*(R%;RY) is the original definition of the real Hardy space H!(R?)
in several variables due to Stein and Weiss in [51]. One now has a number of equiv-
alent definitions, for example, in terms of maximal functions [20] or via an atomic
decomposition [16,33].

How can such a theorem hold in light of the failure of the inequality (1.10) for
p =17 Well, formally one has

X
Rby = Ca [ [aFT ¢ Lio.(RY),

so that both the left-hand-side and the right-hand-side of the inequality blow up
along such an approach sequence as constructed above.

The fact that the L'-norm of the Riesz transform term blows up, and not the
L'-norm of the function itself, might suggest a possible improvement to such an
inequality in the removal of the term || f||1(rs). However one also has a more
convincing argument of this fact which comes from an inequality arising in PDEs. In
particular, let us recall that E. Gagliardo [21] and L. Nirenberg [39] had proven the
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inequality (for d > 2, the case d = 1 being an easy consequence of the fundamental
theorem of calculus):

llull pasca-1 ey < ClVull g1 ragay
for all u sufficiently nice. Taking v = I; f one finds
111 fll para-— (may < CIRf[ L1 masra,
which improves (1.11).
Thus one can improve the estimate of Stein and Weiss for I, and so one wonders

Question 1.6. Can one make a similar improvement for o € (0,d)?

The first observation in this regard is that if « € [1, d), the semi-group property of
the Riesz potentials, Sobolev’s inequality (1.10), and the inequality of E. Gagliardo
[21] and L. Nirenberg [39] imply

o fll pasa-o @ay = [Ha—1 D1 fll asca-o) may
< Ol fllpara— ey
< C'Rf|lpr (rejray-
Thus one has such improvements for a € [1,d). Naturally this range of « contains
the values 2 and 1, which are correspond to the amount of integration being per-
formed in (1.8) and (1.9), respectively. One immediately deduces an improvement

to (1.8), while a similar improvement to (1.9) is a little more subtle. In particular
we require the boundedness of the Riesz transform

R: LP(RY) — LP(R%RY) for 1 < p < +oo,
see e.g. p. 33 in [50]. This boundedness and the validity of the formula
Vu(z) = VI (11 f) = R(I1 f)
implies
IVullpas@-v ga;gay < CllI1fl| pasa-n (gay,

from which the result follows again from the case a = 1.
Thus we have seen that there are improvements to the inequalities (1.8) and
(1.9), and to the potential mapping properties for any « € [1,d). This motivates

Question 1.7. Suppose d > 2. Can one show that for « € (0,1) there exists a
constant C' = C(a,d) > 0 such that

(1.12) Lo fllLas-o (ray < C|Rf[ L1 (ra;re)
for all sufficiently regular f € D’(R?) such that Rf € L'(R%;R%)?

That we consider the case d > 2 here goes beyond the fact that the classical
estimates for Poisson’s equation we have recorded have no meaning, or would have
to be suitably interpreted. While the scaling would allow for such an inequality
when « € (0,1), in one dimension the estimate has a fundamental obstruction. In
particular, in this setting the Riesz transform collapses to the Hilbert transform,
so that the inequality would read

o fllpr/a-o @y < CIH fllL1(w)-
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However, now the identity H? = —I and the boundedness of H : LP(R) — LP(R)
for 1 < p < +00 would imply

Lo fllpra-o @y < Clfllz ),

which is precisely the estimate we have contradicted.

The estimate (1.12) extrapolates the overlooked estimates from Poisson’s equa-
tion, that for the more general Riesz potentials of any order a € (0, d), while one
cannot show an L' estimate, perhaps one can show these L!-type estimates. It is
perhaps no surprise to the reader at this point that the estimate (1.12) is indeed
valid. As was discussed in the work of A. Schikorra, the author, and J. Van Schaftin-
gen in [43], one has a number of more classical approaches to prove the inequality,
provided one knows the estimate to look for (and we also gave an elementary proof
of this fact in the spirit of Gagliardo and Nirenberg’s slicing argument). However,
as we will see in what follows, this suggests many more open questions to be ad-
dressed. The purpose of this paper is to give an introduction and exposition of the
author’s perspective of this area and to discuss some open problems in this regard.

The remainder of the paper is dedicated to discussing the connections of the
material presented in this section with various literature on the topic, to provide
some proofs of the inequalities in the introduction, and to prepare the reader for
the open problems in the last section. In particular, Section 2 presents a curious
formula for the logarithm which was obtained in collaboration with Rahul Garg in
the papers [22,23] and its relation to the the recent work of J. Bourgain and H.
Brezis [6-9], as well as the more classical work of F. John and L. Nirenberg [29].
In Section 3 we give some proofs of the results which emphasizes the connections
with work of L. Hedberg [26], S. Sobolev [48] and A. Zygmund [60]. In Section 4
we discuss the case of vector-valued inequalities, where certain algebraic conditions
become relevant in the determination of whether a given differential operator can
support a Sobolev inequality. In particular, while one has a characterization of
the differential operators which yield an embedding into the Lebesgue spaces - the
elliptic and canceling operators of J. Van Schaftingen [57], whether these operators
support the improvements known in the classical setting has still not been resolved.
In Section 5 we present some results in Lorentz spaces which are the optimal known
inequalities for two settings: estimates for Riesz potentials due to the author and
estimates for elliptic and (d — 1)—canceling operators due to the author and J. Van
Schaftingen. In Section 6 we discuss the trace inequality of N. Meyers and W.P.
Ziemer and how it represents the best known Sobolev inequality in this classical first
order setting. Finally, in Section 7 we introduce and discuss some open problems
the author feels would yield some insight into this question of Sobolev inequalities.

2. A Curious FORMULA FOR THE LOGARITHM (CONNECTION WITH THE WORK
OF J. BOURGAIN AND H. BREZIS)

One has a number of avenues to derive a formula for the solution of (1.1), for
example by studying an ordinary differential equation or utilizing the Fourier trans-
form. Whatever the method, if d > 3 one can verify that

., 1 f(y)
>y O ST o eyl



NEW DIRECTIONS IN HARMONIC ANALYSIS ON L! 7

satisfies (1.1) in the sense of distributions, i.e.

(2.2) f/RduAgod:c:/Rdfgodx

for all ¢ € C(RY). In the case d = 2 one finds the solution to (1.1) in the
appropriate sense, i.e. (2.2) is given by the logarithmic potential

(2.3) u(w) = 5 [ 0w s dy

However, recently in [22,23] Rahul Garg and the author gave a new representa-
tion of the solution (2.3) that does not involve the Logarithm. Our motivation for
doing so stems from the fact that one when f € LP(R?) and 1 < p < 2 one expects
continuity estimates, with the case p = 2 corresponding to the almost Lipschitz
estimate of H. Brezis and S. Wainger [12]. Yet the standard approach to continuity
estimates for Riesz potentials does not apply in such a setting. This led us to the
following approach.

Let us denote by

26 = [ wla)e e da

the Fourier transform of a function ¢ : R — R. Then for sufficiently nice v which
satisfies (1.1) in the sense of distributions, we must have
_ Q)
(2.4) () = —2.
(2ml¢l)?

Thus for d > 3, as the Fourier transform takes convolution to multiplication and
vice versa, we conclude as usual that

u(z) = Iy * f(v) = I f (),

which is our reason for suggestively writing (2.4), since for general « € (0,d) one
has

— G
I.f(§) = @rle))e

In fact, this determines precisely the constant
=72 (3)

/7 a :: 7—&‘
I (%5%)

In the case d = 2 the denominator of the preceding equation (2.4) is not locally
integrable near zero. This is not a problem, as it forces one to impose f (0) =0 to
correct this, which is simply [ f = 0, and then a suitable limiting process allows one
to obtain (2.3). However, the appearance of the logarithm was not amenable to the
estimates Rahul and the author wanted to show, which led us to the factorization

- -1 g i§ o
W6 = e g/
Now one can check that
_ TN

Rf(§) = @f@’
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while in the case d = 2 the Riesz transform has kernel ﬁ, up to a multiplicative
constant. In particular the scaling suggests that multiplication by the term
i€
19K
in Fourier spaces should invert as convolution with the bounded function
x
T c—
|z

for some appropriate constant c. Indeed, this can be made precise to yield

1 rT—y
niw) =5 [ Z=L Riw) .
which gives a new representation of the fundamental solution to Poisson’s equation
in the plane.

This idea generalizes to the logarithmic potential in any number of dimensions,
and we here recall the computation from the recent paper of the author and Itai
Shafrir [42] which works out the details. In particular we instead rely on the semi-
group property of the Riesz potentials to write

1 1
Lif =TI L f = m/whﬂy)m dy

However, now performing an integration by parts we have

__ v -y
1f@) = =T / RS .

This formula sheds some light on classical results in the theory of Hardy spaces
and BMO that we now discuss. From the theory of Hardy spaces of Stein and
Weiss, the Hardy space consists of functions f € L'(R?) such that their Riesz
transform Rf € L'(R% R9). Thus the duality of H!(R?) and the John-Nirenberg
space of functions of bounded mean oscillation (BMO) obtained by C. Fefferman
[19] (see also Fefferman and Stein [20]) implies that every g € BMO(R?) can be
expressed as

d
9:90+ZRJ'9J'

J=1

for some {g;}9_, C L°(R%) (a constructive proof of this fact was subsequently
obtained by A. Uchiyama [59]).

The work of J. Bourgain and H. Brezis [6, 7], among other results, demonstrates
an improvement to this representation for certain BMO functions, those of the
form I, f for f € LY(R?), as they show that such functions have a representation

d
Lf =) Rjg
j=1

for some {g; }?:1 C L°°(RY), that is, one does not need the function go.
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It is at this point that our result (1.12) enters, since it implies, by duality, that
such a representation extends to any a € (0,d), i.e. for all f € L¥*(R?) one has

d
I.f = Z Rjgj
j=1

for some {g;}7_; C L>®(R?).

In general these functions {gj}?:l C L>®(R?) are not explicit and cannot be
chosen linearly. However, the preceding calculation taken from the papers [22,23,42]
show that for the canonical example of a BMO function, log |x|, one does not need
go and explicitly

i

d
1
log |z| = Ri———————.
=2 B )
In fact, returning to the seminal paper [29], F. John and L. Nirenberg had given a
family of examples of functions of bounded mean oscillation in a bounded domain

Q CcRY,

u(z) = / log |z — |/ (y) dy.

In particular, one follows the above result to see that all of these functions are
special functions in BM O which can be expressed as

d
9=>_ Rjg;,
j=1

with explicit {g; ?:1 C L>=(R%) given by

() 1 Tj—Yi
e AL

3. A FEW PRrROOFS (A UNIFIED APPROACH TO SOBOLEV AND ZYGMUND’S
THEOREMS )

It was observed by L. Hedberg in [26] that one can give a proof of S. Sobolev’s
theorem for the Riesz potentials (here recorded as Theorem 1.3) by a simple point-
wise estimate. We first show here how this pointwise estimate yields S. Sobolev’s
theorem and A. Zygmund’s weak-type estimate for the Riesz potentials before re-
turning to prove some estimates for Poisson’s equation.

Let us therefore recall the pointwise inequality of Hedberg [26]: If 1 < p < d/«,
then
(3.1) |Ia f(2)] < CM(f) (@) =P/ £l 30
for all f € LP(RY). Here we utilize the notation M(f) to denote the Hardy-
Littlewood maximal function of a function f by

M(f)(z) = sup ——

>0 ‘B(.’E’ T)| B(x,r)

£ (y)] dy,
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for which we require the inequalities
jggt\{le(x) >t} < C| fllpr rey
[IMfllLr@ay < Ol fllp@ey 1 <p <Aoo,

These estimates are standard, see e.g. [50].
Note that from this one obtains immediately

a ap/d
et Nl oy < CIME P/ 150 gy o et
1—ap/d ap/d
= CIIMAII G ISy
< C'||fll e ray

by the boundedness of the maximal function and combining like terms, which is
Theorem 1.3. However, the same proof using the weak-(1,1) estimate for the max-
imal function implies

Theorem 3.1. Let « € (0,d). Then there exists a constant C = C(a,d) > 0 such
that

iggﬂ{lfaf( )| > 47 < Cllfllp ey

for all f € LY(RY).
We provide the details for the convenience of the reader.
Proof.

—a a/d
(1o f(@)] > £} C {CMF (@)= £ 51 0a, > 1,
which yields for every ¢t > 0 the estimate

H{1af(2)] > T < tH{CMF ()= £| 5 Gy > £1T°

We let
d/(d—a)
t

Cl I
and find

H{|af(2)] > T < H{CMF() = Fl| 3 Gy > £17°
= S0 £ ) {M f (2) > s} 77

L1(R9)
a/d (d—a)/d
< Al Gy (€1l rery)
= C"[| fll L1 me)
by utilizing the weak-type estimate for M and combining like terms. The desired
conclusion follows by taking the supremum in ¢ > 0. (]

In particular, if d > 3, one immediately deduces the inequalities (1.2) and (1.5),
while (1.3) and (1.6) can be argued as follows. We have

Vu(z) = VI I, f(x) = R(I1 f)(x),
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and so

VullLogay = [R(I1 )l Lo ey
< Ol fllparay
< C'|Ifll e ray

by the boundedness of the Riesz transforms
R; : LP(R%) — LP(RY) for 1 < p < 400

and Theorem 1.3 (see [50] or [24]). The same argument applies to obtain (1.6),
since the fact that the Riesz transforms are bounded on LP(R%) for 1 < p < +o0
implies they are bounded on LP*>*(R?) for the same values of p (see [24]).
The last remaining items to discuss in this section are the inequalities (1.4) and
(1.7). The former is straightforward, as
O*u 9?

—Au= ~ouiox, = ~n.0m; Lf=-RR;f

for R;, R; the ith and jth components of the vector valued Riesz transform R,
respectively and so the result follows again by boundedness of R;, R; on LP(R?).
However, for the weak-type estimate one requires the fact that not only are R; and
R; Calderén-Zygmund operators, but even their composition

Tf = RZR]f

is such an operator. Then Lemma 2 of [13] implies the desired weak-type bound.

Finally it remains to handle the case d = 2. Here the estimates (1.3) and (1.4)
can be argued in a similar manner, and so we are left to discuss the estimates
(1.2) and (1.5). But here one has only the case p = 1 and so we are reduced to
proving some type of replacement for (1.5) (since d — 2 = 0). Yet the analysis in
the preceding section shows

Z /]Rd |z — y\ ) dy.

which shows u € BMO(RY).
It is interesting to note that, as in the introduction, we replace || f| 11 (r2) with
|Rf|lL1(r2;2) We obtain the inequality

[ 12 f]lLo~ @2y < CIRf|| L1 (r2R2)
and what is more, we also have
IR f[| oo ray < Ol fllL2a@2) < C'|Rf| 1 (g2 m2)-

Here we have utilized a Lorentz space extension of potential embeddings, see Section
5 for a further excursion into this area. That is, if Rf € L'(R?;R?), then both I f
and its Riesz transform RIsf are bounded functions. The same is true for I;f,
RI,f if we assume Rf € L'(R%RY).
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4. VECTOR INEQUALITIES (CONNECTION WITH THE WORK OF J. VAN
SCHAFTINGEN)

A vector analogue of the classical inequality of E. Gagliardo [21] and L. Niren-
berg [39] follows easily from the same argument, yet such an inequality is not
optimal, as one does not need the full gradient in order to obtain an embedding
into L4 (=1 (R%). For example, one has the 1973 result of M.J. Strauss [52], which
asserts that one only needs the symmetric part of the gradient when u : R — R¢.
In particular if one defines the linearized deformation tensor

1
Eu:= i(Vu + (Vu)T),
then Strauss proves the inequality
(41) ||u||LEL/(d—1)(Rd;Rd) < CHEU”LI(Rd,RdXd)

for all sufficiently nice u. More generally, J. Van Schaftingen has shown that the
vector differential inequality

(4.2) [ull Lasa—n ®a;vy < CIA(D)ul[L1(re,E)

holds for every vector field u € C°(R%, V) if and only if the homogeneous first-order
linear vector differential operator with constant coefficients A(D) is elliptic and
canceling [57, Theorem 1.3]. Here we recall the definition of a canceling operator.

Definition 4.1. Let ¢ € {0,...,d}. A homogeneous differential operator with
constant coefficients A(D) is ¢—canceling whenever

ﬂ span {A(&)[v] : €€ W andv e V} = {0}.
WCR?
dim W=
The term canceling is precisely 1—canceling as defined in [57, Definition 1.2].
One then wonders whether in the vector-valued setting the Riesz potentials admit
similar improvements. Indeed this is the case, as from the work of Van Schaftingen
in [57], with the argument of [43], one obtains

Theorem 4.2. Let a € (0,d), V, E be finite dimensional Banach spaces, and sup-
pose the homogeneous first-order linear differential operator with constant coeffi-
cients A : C°(R%: V) — C®(R% E) is elliptic and canceling. Then there exists a
constant C' > 0 such that

o fllpas—o) (ayvy < ClAD)ILf|| 1 (re; )
for all f € C*(R% V).

In particular one can apply Theorem 8.3 in [57] to obtain such a result by rec-
ognizing that the Triebel-Lizorkin spaces coincide with the above space of Riesz
potentials of L% (4= functions. A similar statement would also seem to hold in
the case of higher order homogeneous linear differential operator with constant co-
efficients. Thus, this gives the complete picture for the mapping properties of Riesz
potentials into Lebesgue spaces in the vector-valued setting.
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5. SOME OPTIMAL LORENTZ SPACE ESTIMATES

In this section we discuss improvements to the preceding embeddings on the
Lorentz scale. The Lorentz spaces arise naturally in the study of PDE and are
of interest for a number of reasons: They appear immediately in approximation
theory and the interpolation of Banach spaces when one only begins with an interest
in the classical Lebesgue spaces; they are a scale of spaces which incorporate the
natural weak-type spaces in harmonic analysis; the extension of Holder and Young’s
inequality to this scale imply Theorem 1.3 (see Theorem 5.3 below); they can
be used to establish existence of solutions to the wave and Schrodinger equation
(see, e.g. Keel and Tao [30]), and can be used to deduce continuity and Lipschitz
continuity in the context of Harmonic maps to manifolds (see Hélein [27]). The
value of such spaces has been known to experts for some time - the author was
aware of many results from L. Tartar’s article [53] from 1998, while in the lecture
of this material at Rutgers, H. Brezis referred him to his article on the subject [11]
from 1982. Let us also mention two further references which may be of interest to
the reader, the classical papers of Hunt [28] and O’Neil [40].

In the literature there are a number of possible definitions of the Lorentz spaces
LP9(RY). We find it most useful for the unacquainted reader to see these spaces
as a refinement of the Lebesgue spaces which can be simply understood in the
following manner. By Cavalieri’s principle, one begins by expressing the LP-norm
as integration of the superlevel sets

o dt
(5.1) Wy =2 [ 21> T
This shows that belonging to LP requires specific decay such that the function
1
t (L[S > tH7)P

is integrable near both ¢ = 0 and ¢ = +o0o with respect to the measure %, which
requires that it tends to zero at both endpoints. Therefore, any power of this map
must tend to zero, though is not necessarily integrable. Varying the exponent here
as a second parameter r and imposing integrability, one obtains the Lorentz spaces

LP"(R?), with quasi-norm for 1 < p < 400 and 1 <7 < 400

” o 1., dt
(52) ey =2 [ 001> B1hy G
and 1 <p < 400 and r = +00
[f 1 Lr.oe ey o= sup ¢[{|f| > t}|7.
t>0

One then observes that LPP(RY) = LP(R?), while more generally one obtains a
scale of spaces which is nested with respect to the second parameter, i.e.

LPY(RY) ¢ LPP(RY) = LP(RY) ¢ LP>(RY).
For these spaces, one has the analogue of Holder’s inequality (Theorem 3.4 in [40]):

Theorem 5.1. Let f € L% (R?) and g € L%7"2(R?), where

111
—t—==<1

e
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for some r > 1. Then
1fgllar@ay < dN1fllLarr ayllgll Lazors (e
One also has Young’s inequality (Theorem 3.1 in [40]):

Theorem 5.2. Let f € L% (R?) and g € L%=72(RY), and suppose 1 < q¢ < 400
and 1 <r < 400 satisfy

1 1 1
— 4+ —1==
q1 q2 q
1 1 1
—+—>-.
T T2 T

Then
| f * 9||Lw(Rd) < 3q|[fllparm (Rd)”g”LqW‘?(Rd)'

Now I, ¢ L"(R?) for and 1 < r < +oo, while it is an exercise to show that
I, € L¥/(d=2).>(R4) Thus this inequality implies the following improvement to
Theorem 1.3.

Theorem 5.3. Let 0 < a < d and 1 < p < d/a. Then there exists a constant
C =C(p,a,d) > 0 such that

(5.3) o fllLar@e) < Cllfll Lo ray
for all f € LP(R?).

The model inequality in this setting of Lorentz spaces is the result of Alvino [2]
who proved the inequality

(5.4) l[ull pasa-1.1(may < C'[Vull L1 (ma ey

holds for all functions v € W11(R9). Here we observe that this improves the
inequality of E. Gagliardo [21] and L. Nirenberg [39], and so it is natural to ask
whether similar improvements can be made for the Riesz potentials.

Indeed, recently in [44] the author proved the optimal Lorentz inequality for the
Riesz potentials, the following

Theorem 5.4. Let d > 2 and « € (0,d). There exists a constant C = C(«,d) > 0
such that

(5.5) Lo fllLasca-ar1may < Cl|Rf|| L1 (ra;Ra)
for distributions f such that Rf € L'(R%;R9).

The key idea of the proof was that one has an equivalent formulation of this
inequality as the inequality

(5.6) o Vullpa/@-a 1 (raray < Cl|Vul i (raray,

which can argued by using the fact that Rf = VI u is a gradient along with the
boundedness of the Riesz transforms on LP"(R9) for all 1 < p < +00, 1 < r < +00.
In such a formulation, the idea of Maz’ya [35] reduces the question to that of proving
an isoperimetric inequality, and this is the main work of the paper [44].

This prompts one to wonder whether similar improvements can be made for first-
order elliptic and canceling operators. The complete answer to the former question
is only known in the plane where (d — 1)—canceling is precisely canceling, as the
author and J. Van Schaftingen have shown in [45] the following
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Theorem 5.5. Let V and E be finite-dimensional spaces and suppose that the
homogeneous first-order linear differential operator with constant coefficients A(D) :
CX(RY V) — CX(RYE) is elliptic and (d — 1)-canceling. Then there ezists a
constant C' > 0 such that

lull pasca-1.1ra,yy < CIA(D)ull L1 (re,g)
for every u € C°(R, V).

Note that one example of a (d — 1)—canceling operator in any number of dimen-
sions is the deformation operator, and so this result contains the optimal Lorentz
inequality

||U||Ld/(d—1),1(Rd;Rd) < CHEU”Ll(Rd,RdXd).

This leads to further open problems which we discuss in Section 7.

6. TRACE INEQUALITIES (CONNECTION WITH THE WORK OF N. MEYERS AND
W.P. ZIEMER)

A 1977 result of Meyers and Ziemer [38] asserts the existence of a constant C' > 0
such that one has the inequality

(6.1) / lu| dp < C/ |Vu| dx
Rd R

for every u € WH1(R?) and every non-negative Radon measure p satisfying the
ball growth condition
w(B(z,r)) < C'rd=t,

This inequality represents the state of the art when compared with all of the
inequalities discussed so far, which we now show before giving a sketch of its proof.
In particular, let us show how this trace inequality implies® the Sobolev inequality
of E. Gagliardo [21] and L. Nirenberg [39], its Lorentz improvement [2], and even
Hardy’s inequality. To this end, let g € L%/ @%0(R9) be non-negative and define, for
A C R? measurable, the non-negative measure

n(A) = / 9(y) dy.
A
Then Holder’s inequality in the Lorentz spaces implies, for every B(xz,r) C R?,

u(B(a,r)) = / 90 = gm0
B(xz,r

= |19l pa.ce (ray| Bz, )|/
= ||gll pa.oo (may | B(0, 1)1~y =1,

Thus, the trace inequality implies
[ u@lg(e) do < Clglas o) [ 1Vuto)]
R4 Rd

and as the norm in L (4=1:1(R?) can be realized via duality, i.e.

g(z)

—— dur,
||g||Ld~°°(Rd)

lullgoravae = sup /\u<x>|
geLd= (Rd) JR4

3These connections have been discussed by A. Ponce and the author in [41].
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the Lorentz estimate of Alvino [2] follows. This same argument can be applied in

the case
()= [ 2
u(A) = [ — dy.
A lyl

to obtain Hardy’s inequality as a corollary, and
n(A) = /Ag(y) dy

for g € L4(R?) to obtain the inequality of E. Gagliardo [21] and L. Nirenberg [39].
For the convenience of the reader we recall the proof of the inequality (6.1).
First, one begins with the Poincaré inequality

][ lu(y) — ][ul dy < Cr][ [Vu(y)| dy,
B(z,r) B(z,r)

which can be obtained by the fundamental theorem of calculus (see, e.g. p. 142
in [17], which extends to functions of bounded variation by density). Then one
takes u = g for a set E C R? such that Dy is a Radon measure. The preceding
inequality is written for smooth functions, but extends to BVloc(Rd). Thus

][ f XEW) — ve(2)] dydz < 2004 Dy | (B(z, ).
B(z,r) J B(z,r)

But this says

|ENB(z,r)| x |[E°NB(z,r)] 1 ][ ][
=z Xe(W) — xe(z)| dydz
Bz, 7)| 1Bz, )] 2 Loy Ty 2@~ X2
< Cr1*d|DXE|(B(ac,r)).

Now, for E C R? open, bounded, and of finite perimeter, the map
|E N B(z,r)|
|B(z, )|

is continuous, equal to one for small r and tends to zero as r — oo. Thus the
intermediate value theorem guarantees an r = r, such that

|ENB(x,ry)] 1

Bl 2

However, for this same value 7,,, by finite additivity of the Lebesgue measure, we
also have

|[ECN B(z,re)| 1

B(z,r)] 2
Therefore we have found an r, such that

(6.2) re ! <AC|Dxgl(B(z,r)).

| 1l du
0

We are now prepared to estimate
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and we suppose here that u € C2°(R%). The result for more general u can be argued
by using maximal function bounds with respect to these Choquet integrals, cf. [1].
In particular we recall the definition of

|t = [ e e,
0 0

where E; := {x : |u] > t}.

We now apply the preceding argument to the set F; to find for each € E; an
r, such that (6.2) holds (and note that z and in turn r, depend implicitly on ).
By Vitali’s covering theorem (see, for example, Theorem 1 on p. 27 of [17]) we can
find a countable family {z;} C E; and {r;} such that

Et C U B(xl-,f)ri),
i=1
B(x;,ri) N B(x;,r;) =0 if i # j and (6.2) holds. Therefore

W(E) < (U B<s>>

i=1

S Z C(5T7;)d_1
i=1

<571C Y |IDxg,|(B(ai, )

i=1
< 59710 Dx, (RY).

However, now combining this with the preceding equality we find

| = [ e ae
0 0

< 5i-1¢ / | Dys,|(RY) dt
0

=5-1C |Vu| de,
Rd

where the last equality follows from the coarea formula.

7. OPEN PROBLEMS

We are now ready to discuss some open problems in this area, and let us be-
gin with the scalar setting. In the introduction we saw how the inequality of E.
Gagliardo [21] and L. Nirenberg [39]

ullpas@-vgay < ClIVull 1 (ra;ray,

leads one to predict the potential estimate observed by A. Schikorra, the author,
and J. Van Schaftingen:

o fllpas—o) (ray < ClIRf[ L1 (ra;RaY-

Similarly in Section 5 we saw how the refinement of A. Alvino [2] on the Lorentz
scale,

lullpasa-a@ey < ClIVull L1 gapay,
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leads one to predict refinement obtained by the author in [44]:
”IOtfHLd/(d*‘*)vl(Rd) < C<a)||Rf||L1(]Rd;]Rd)-

Yet in the first order setting, we saw that the strongest possible inequality is the

trace inequality
/ lu| dp < C/ |[Vu(z)| dx
Rd R4

for all sufficiently nice v and all non-negative Radon measures p satisfying the ball
growth condition p(B(xz,r)) < C'r¢=1 for all B(z,r) C R%.
This motivates

Open Problem 7.1. Let o € (0,1). Does one have the existence of a constant
C = C(a,d) > 0 such that

/ Lofldu<C / Rf(2)] de

for all sufficiently nice f and all non-negative Radon measures p satisfying the ball
growth condition pu(B(z,7)) < C'r4=% for all B(x,r) C R4?

The proof we discussed in Section 6 seems unlikely to be directly applicable, as
it makes use of both the ability to write a function as integration over its level sets
and the coarea formula (Augusto Ponce and the author were able to prove a related
result for the Gagliardo semi-norm in [41], with the same strategy). Thus one even
wonders

Open Problem 7.2. Can one show the inequality

/ lu| dp < C/ |[Vu(z)| dx
Rd R

for all sufficiently nice v and all non-negative Radon measures p satisfying the ball
growth condition p(B(x,7)) < C'r?~! for all B(z,r) C R? without using the coarea
formula?

The former question would give a complete picture in the scalar setting of these
L'-type inequalities, while beyond any use the latter might be in establishing such
a picture, it may also be of use in the vector setting, which we now discuss. The
work of J. Van Schaftingen shows that the inequality

1wl Las@—n ey < ClAD)ullpr (ra;p)
holds whenever A(D) is elliptic and canceling. A Lorentz improvement for thas
been shown by the author and J. Van Schaftingen in [45]:

ull Lasca—1) 1 (ga,yy < CllAD)ull L1 ey,
whenever A(D) is elliptic and (d — 1)—canceling. This gives a complete resolution
to the question in two dimensions, though prompts one to ask

Open Problem 7.3. Let d > 3 and let V and E be finite-dimensional spaces. Further
suppose that the first-order homogeneous linear differential operator with constant
coefficients A(D) : C* (R4, V) — C2(R% E) is elliptic and canceling. Can one
show the existence of a constant C' > 0 such that the inequality

el arca-s iy < CIADul g1 ez

holds for every u € C°(R4,V)?
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This is Question 1.1 in [45], see also [9, Open problem 1; 56, Open problem 2;
57, Open problem 8.3; 58, Open problem 2]|. If one is able to establish Lorentz
inequalities for vector differential operators, then the next natural question is the
analogue of N. Meyers and W.P. Ziemer’s inequality.

However, one first must discuss some known obstructions to such an inequality.
In what follows we take V = RY and E = RX. In this setting, for a trace inequality
as in Section 6 to hold, one must also admit the trace inequality
(7.1) [ull Lt (rnB01)RY) < CllA(D)U| L1 (RRX)
for any hyperplane H. While Babadijan in [4] has shown that functions of bounded
deformation, i.e. functions u : R? — R¢ for which Eu is a Radon measure admit
such a trace inequality, D. Breit, L. Diening, and F. Gmeineder [5] have shown
that for a general operator A(D) to admit such a trace inequality one requires a
stronger condition than ellipticity than the one required in the inequalities of Van
Schaftingen, the so-called C-ellipticity condition. Here let us recall the definitions
of these two ellipticity conditions.

We suppose that the first-order homogeneous linear differential operator with
constant coefficients A(D) : C°(R%,RY) — C®(R4, RE). Then we say A(D) is
R-elliptic if

A(€) : RN s RE
is injective for all ¢ € R?\ {0}, while we say A(D) is C-elliptic if
A(g):CN = X
is injective for all ¢ € R4\ {0}.
In particular, D. Breit, L. Diening, and F. Gmeineder [5] have given a counterex-

ample to the inequality (7.1) in the case A is only R-elliptic. This motivates

Open Problem 7.4. Let d > 2 and suppose that the first-order homogeneous linear
differential operator with constant coefficients A(D) : C° (R, RY) — C°(R?, RK)
is C-elliptic and canceling. Can one show the existence of a constant C' > 0 such
that the inequality

[ leldis < CLAD )l s

holds for every u € C2°(R%, V) and every non-negative Radon measure p such that
w(B(z,7)) < C'rd=1 for all B(x,r) C R?

A positive answer to this question would give a model inequality for potential
estimates in the vector setting would then lead one to attack the more difficult
problem

Open Problem 7.5. Let d > 2 and suppose that the first-order homogeneous linear
differential operator with constant coefficients A(D) : C°(R?, RY) — C°(R4, RK)
is C-elliptic and canceling. Can one show the existence of a constant C' > 0 such
that the inequality

Lo fllpasca-er1magyy < CIAD)Lf || L1 (warx),
holds for every f € C° (R, RM)?

Finally, one should resolve what would appear to be the most difficult problem,
as it combines the potentials and the trace inequality in the vector setting.
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Open Problem 7.6. Let d > 2 and suppose that the first-order homogeneous linear
differential operator with constant coefficients A(D) : C°(R?, RY) — C2° (R4, RK)
is C-elliptic and canceling. Can one show the existence of a constant C' > 0 such
that the inequality

[ V1ol du < CLADI sy,
R

holds for every f € C° (R R™) and every non-negative Radon measure y such
that u(B(x,r)) < C'r?=2 for all B(z,r) C R?

ACKNOWLEDGEMENTS

This paper is based up a series of lectures the author gave at Washington Univer-
sity in St. Louis, the University of Michigan, the University of Napoli Federico II,
Purdue University, Notre Dame University, Indiana University, St. Louis University,
Rutgers University, and Georgetown University while on sabbatical at Washington
University in St. Louis. It is a pleasure to thank Steven Krantz and the mathe-
matics department at Washington University in St. Louis for hosting him during
the undertaking of this work, to José Pastrana for his questions that gave further
impetus for the present structure, to Cody Stockdale for discussions concerning
Calderén and Zygmund’s decomposition lemma, and to Jean Van Schaftingen for
comments on a draft of the manuscript. Needless to say that I remain responsible for
the remaining shortcomings. The author is supported in part by the Taiwan Min-
istry of Science and Technology under research grants 105-2115-M-009-004-MY2,
107-2918-1-009-003 and 107-2115-M-009-002-MY2.

REFERENCES

[1] David R. Adams, A note on Choquet integrals with respect to Hausdorff capacity, Function
spaces and applications (Lund, 1986), Lecture Notes in Math., vol. 1302, Springer, Berlin,
1988, pp. 115-124.

Angelo Alvino, Sulla disequaglianza di Sobolev in spazi di Lorentz, Boll. Un. Mat. Ital. A (5)

14 (1977), no. 1, 148-156.

Luigi Ambrosio, Nicola Fusco, and Diego Pallara, Functions of bounded variation and free

discontinuity problems, Oxford Mathematical Monographs, The Clarendon Press, Oxford

University Press, New York, 2000.

[4] Jean-Frangois Babadjian, Traces of functions of bounded deformation, Indiana Univ. Math.
J. 64 (2015), no. 4, 1271-1290, DOI 10.1512/ium;j.2015.64.5601.

[5] D. Breit, L. Diening, and F. Gmeineder, Traces of functions of bounded A-variation and

variational problems with linear growth, arXiv:1707.06804.

Jean Bourgain and Haim Brezis, Sur [’équation divu = f, C. R. Math. Acad. Sci. Paris 334

(2002), no. 11, 973-976.

[7] ——, On the equation divY = f and application to control of phases, J. Amer. Math. Soc.
16 (2003), no. 2, 393-426.

[8] Jean Bourgain and Haim Brezis, New estimates for the Laplacian, the div—curl, and re-
lated Hodge systems, C. R. Math. Acad. Sci. Paris 338 (2004), no. 7, 539-543, DOI
10.1016/j.crma.2003.12.031.

, New estimates for elliptic equations and Hodge type systems, J. Eur. Math. Soc.

(JEMS) 9 (2007), no. 2, 277-315, DOI 10.4171/JEMS/80.

[10] Jean Bourgain, Haim Brezis, and Petru Mironescu, HY/2 maps with values into the circle:
minimal connections, lifting, and the Ginzburg-Landau equation, Publ. Math. Inst. Hautes
Etudes Sci. 99 (2004), 1-115.

[11] Haim Brezis, Laser beams and limiting cases of Sobolev inequality, Nonlinear Partial Differ-
ential Equations and Their Applications Collge de France Sem., Vol. IT (1982), 86-97.

2

3

6

(9]



(12]

(13]
(14]
(15]

[16]
(17]

(18]
(19]
[20]
21]
(22]
23]
24]
[25]
[26]
27]
28]
29]
(30]
(31]
(32]
(33]
(34]

(35]

(36]

37)

(38]

NEW DIRECTIONS IN HARMONIC ANALYSIS ON L! 21

Haim Brezis and Stephen Wainger, A note on limiting cases of Sobolev embeddings and
convolution inequalities, Comm. Partial Differential Equations 5 (1980), no. 7, 773-789, DOI
10.1080,/03605308008820154. MR579997
Alberto Calderén and Antoni Zygmund, On the existence of certain singular integrals, Acta
Math 88 (1952), 85-139.
Sagun Chanillo, Jean Van Schaftingen, and Po-Lam Yung, Bourgain-Brezis inequalities on
symmetric spaces of mon-compact type, J. Funct. Anal. 273 (2017), no. 4, 1504-1547.
Albert Cohen, Wolfgang Dahmen, Ingrid Daubechies, and Ronald DeVore, Harmonic analysis
of the space BV, Rev. Mat. Iberoamericana 19 (2003), no. 1, 235-263.
Ronald R. Coifman, A real variable characterization of HP, Studia Math. 51 (1974), 269-274.
L. Evans and R. Gariepy, Measure Theory and Fine Properties of Functions, Studies in
Advanced Mathematics, CRC Press, Boca Raton, 1992.
C. Fefferman, N. M. Riviere, and Y. Sagher, Interpolation between HP spaces: the real method,
Trans. Amer. Math. Soc. 191 (1974), 75-81.
Charles Fefferman, Characterizations of bounded mean oscillation, Bull. Amer. Math. Soc.
77 (1971), 587-588, DOI 10.1090/S0002-9904-1971-12763-5. MR0280994
C. Fefferman and E. M. Stein, HP spaces of several variables, Acta Math. 129 (1972), no. 3-4,
137-193.
Emilio Gagliardo, Proprieta di alcune classi di funzioni in pit variabili, Ricerche Mat. 7
(1958), 102-137.
Rahul Garg and Daniel Spector, On the regularity of solutions to Poisson’s equation, C. R.
Math. Acad. Sci. Paris 353 (2015), no. 9, 819-823.

, On the role of Riesz potentials in Poisson’s equation and Sobolev embeddings, Indiana
Univ. Math. J. 64 (2015), no. 6, 1697-1719, DOI 10.1512/iumj.2015.64.5706. MR3436232
Loukas Grafakos, Classical Fourier analysis, 3rd ed., Graduate Texts in Mathematics,
vol. 249, Springer, New York, 2014.
G. H. Hardy and J. E. Littlewood, Some properties of fractional integrals. I, Math. Z. 27
(1928), no. 1, 565-606, DOI 10.1007/BF01171116. MR1544927
Lars Inge Hedberg, On certain convolution inequalities, Proc. Amer. Math. Soc. 36 (1972),
505-510.
Frédéric Hélein, Harmonic maps, conservation laws and moving frames, 2nd ed., Cambridge
Tracts in Mathematics, vol. 150, Cambridge University Press, Cambridge, 2002. Translated
from the 1996 French original; With a foreword by James Eells. MR1913803
Richard A. Hunt, On L(p, q) spaces, Enseignement Math. (2) 12 (1966), 249-276.
F. John and L. Nirenberg, On functions of bounded mean oscillation, Comm. Pure Appl.
Math. 14 (1961), 415-426.
Markus Keel and Terence Tao, Endpoint Strichartz estimates, Amer. J. Math. 120 (1998),
no. 5, 955-980. MR1646048
V. I. Kolyada, On the embedding of Sobolev spaces, Mat. Zametki 54 (1993), no. 3, 48-71,
158 (Russian); English transl., Math. Notes 54 (1993), no. 3-4, 908-922 (1994).
Loredana Lanzani and Elias M. Stein, A note on div curl inequalities, Math. Res. Lett. 12
(2005), no. 1, 57-61.
Robert H. Latter, A characterization of HP(R"™) in terms of atoms, Studia Math. 62 (1978),
no. 1, 93-101.
Vladimir Maz'ya, Classes of domains and imbedding theorems for function spaces, Soviet
Math. Dokl. 1 (1960), 832-885.
, Lectures on isoperimetric and isocapacitary inequalities in the theory of Sobolev
spaces, Heat kernels and analysis on manifolds, graphs, and metric spaces (Paris, 2002),
Contemp. Math., vol. 338, Amer. Math. Soc., Providence, RI, 2003, pp. 307-340.
, Sobolev spaces with applications to elliptic partial differential equations, Second,
revised and augmented edition, Grundlehren der Mathematischen Wissenschaften [Funda-
mental Principles of Mathematical Sciences|, vol. 342, Springer, Heidelberg, 2011.
V. Maz'ya and T. Shaposhnikova, An elementary proof of the Brezis and Mironescu theorem
on the composition operator in fractional Sobolev spaces, J. Evol. Equ. 2 (2002), no. 1, 113—
125.
Norman G. Meyers and William P. Ziemer, Integral inequalities of Poincaré and Wirtinger
type for BV functions, Amer. J. Math. 99 (1977), 1345-1360.




22

DANIEL SPECTOR

[39] L. Nirenberg, On elliptic partial differential equations, Ann. Scuola Norm. Sup. Pisa (3) 13

(1959), 115-162.

[40] Richard O’Neil, Convolution operators and L(p, q) spaces, Duke Math. J. 30 (1963), 129-142.
[41] Augusto C. Ponce and Daniel Spector, A Bozing Inequality for the Fractional Perimeter,

Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) (accepted).

[42] Ttai Shafrir and Daniel Spector, Best constants for two families of higher order criti-

cal Sobolev embeddings. part B, Nonlinear Anal. 177 (2018), no. part B, 753-769, DOI
10.1016/j.na.2018.04.027. MR3886600

[43] Armin Schikorra, Daniel Spector, and Jean Van Schaftingen, An Ll-type estimate for Riesz

potentials, Rev. Mat. Iberoam. 33 (2017), no. 1, 291-303.

[44] Daniel Spector, An Optimal Sobolev Embedding for L', arXiv:1806.07588v2.
[45] Daniel Spector and Jean Van Schaftingen, Optimal embeddings into Lorentz spaces for some

vector differential operators via Gagliardo’s lemma, arXiv:1811.02691 (2018).

[46] Frédéric Riesz, Sur une inégalité intégrale, J. London Math. Soc. 5 (1930), no. 3, 162-168,

DOI 10.1112/jlms/s1-5.3.162. MR1574064

[47] Tien-Tsan Shieh and Daniel E. Spector, On a new class of fractional partial differential

equations II, Adv. Calc. Var. 11 (2018), no. 3, 289-307.

[48] S.L. Sobolev, On a theorem of functional analysis, Mat. Sb. 4 (1938), no. 46, 471-497

(Russian); English transl., Transl. Amer. Math. Soc. 34, 39-68.

[49] V.A. Solonnikov, Inequalities for functions of the classes W;"‘(R"), Zapiski Nauchnykh Sem-

inarov Leningradskogo Otdeleniya Matematicheskogo Instituta im. V. A. Steklova Akademii
Nauk SSSR 27 (1972), 194-210 (Russian); English transl., J. Sov. Math. 3 (1975), 549-564.

[50] Elias M. Stein, Singular integrals and differentiability properties of functions, Princeton

Mathematical Series, No. 30, Princeton University Press, Princeton, N.J., 1970.

[61] Elias M. Stein and Guido Weiss, On the theory of harmonic functions of several variables.

I. The theory of HP-spaces, Acta Math. 103 (1960), 25-62.

[62] Monty J. Strauss, Variations of Korn’s and Sobolev’s equalities, Partial differential equations

(Univ. California, Berkeley, Calif., 1971), Proc. Sympos. Pure Math., vol. XXIII, Amer. Math.
Soc., Providence, R.1., 1973, pp. 207-214.

[63] Luc Tartar, Notes from Sunday October 31, 2004, unpublished (2004).
[54] Jean Van Schaftingen, Estimates for L'-vector fields, C. R. Math. Acad. Sci. Paris 339

[55]
[56]
[57)

(58]

(2004), no. 3, 181-186, DOI 10.1016/j.crma.2004.05.013.

, Estimates for L' vector fields with a second order condition, Acad. Roy. Belg. Bull.
Cl. Sci. (6) 15 (2004), no. 1-6, 103—-112.

, Limiting fractional and Lorentz space estimates of differential forms, Proc. Amer.
Math. Soc. 138 (2010), no. 1, 235-240, DOI 10.1090,/S0002-9939-09-10005-9.

, Limiting Sobolev inequalities for vector fields and canceling linear differential oper-
ators, J. Eur. Math. Soc. (JEMS) 15 (2013), no. 3, 877-921, DOI 10.4171/JEMS/380.

, Limiting Bourgain-Brezis estimates for systems of linear differential equations:
theme and variations, J. Fixed Point Theory Appl. 15 (2014), no. 2, 273-297, DOI
10.1007/s11784-014-0177-0.

[59] Akihito Uchiyama, A constructive proof of the Fefferman-Stein decomposition of BMO (R™),

Acta Math. 148 (1982), 215-241, DOI 10.1007/BF02392729. MR666111

[60] A.Zygmund, On a theorem of Marcinkiewicz concerning interpolation of operations, J. Math.

Pures Appl. (9) 35 (1956), 223-248.

DANIEL SPECTOR

NATIONAL CHIAO TUNG UNIVERSITY
DEPARTMENT OF APPLIED MATHEMATICS
HsincHU, TAIWAN

NATIONAL CENTER FOR THEORETICAL SCIENCES
NATIONAL TAIWAN UNIVERSITY

No. 1 SEC. 4 ROOSEVELT RD.

TAIPEL, 106, TAIWAN



NEW DIRECTIONS IN HARMONIC ANALYSIS ON L!

WASHINGTON UNIVERSITY IN ST. LoOuls
DEPARTMENT OF MATHEMATICS AND STATISTICS
ONE BROOKINGS DRIVE

St. Louis, MO

E-mail address: dspector@math.nctu.edu.tw

23



	封面15_resized
	Spector-New-Directions-in-Harmonic-Analysis

