Calculus on Spaces with
Higher Singularities

D.-C. Chang
B.-W. Schulze

NCTS/Math Technical Report
2016-001

National Center for
Theoretical Sciences
Mathematics Division, Taiwan



June 27, 2016
Calculus on Spaces with Higher Singularities

D.-C. Chang and B.-W. Schulze

Abstract. We establish extensions of the standard pseudo-differential calcu-
lus to specific classes of operators with operator-valued symbols occurring
in symbolic hierarchies motivated by manifolds with higher singularities or
stratified spaces.
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Singular analysis is motivated by numerous and partly classical applications of
physics and geometry, cf. [30], [24], [17], [18], see also the bibliographies there.
The main intention of the present article is to give an idea on how algebras of
pseudo-differential operators A can be organized when the underlying manifold
M has singularities such as edges, boundaries or higher corners of some order.
For a manifold with boundary the expectation is formally similar as in Boutet
de Monvel’s calculus, where the singular strata contribute an additional symbolic
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structure, in this case boundary symbols which contribute to ellipticity of boundary
conditions, to parametrices of elliptic elements and to the Fredholm property when
(in simplest cases) M is compact. It is natural to formulate similar structures in
the case of manifolds M € 9, with higher singularities of order k € N, i.e., which
are determined by a stratification

s(M) = (sO(M),sl(M), N .,sk(M)>

consisting of a sequence of smooth subspaces s;(M) for dim s;(M) > dim s (M)
for j = 0,...,k — 1. The principal symbolic structure of operators A is given by
sequences of components

o(4) = (o0(A), 71(4), .., 0(4)).
An example of a singular space is the infinite cone
X2 =Ry x X)/({0} x X) € My

for any X € 9g; the case k = 0 indicates smoothness. In analysis over X* we
often pass to the corresponding open stretched cone

XN =R, x X

in a prescribed equivalence class of splitting of variables into (r,z) € Ry x X,
representing regular singularity.

Ellipticity of an operator A over M € 9, is defined by some bijectivity conditions
for the components of o(A). In general, those require operator block matrices
A = (A;;) containing A in the upper left corner, up to Green and Mellin summands
which are produced in compositions and parametrices. Those are related to the
asymptotics of solutions as well as to the structure of extra trace and potential
conditions coming from the lower-dimensional strata of M, see also [12].

This paper is organized as follows: The first Chapter is aimed at developing the
approach for singularities of order £ = 1,2. We discuss a new intrinsic definition
of Kegel spaces and complete the insight on corner pseudo-differential algebras up
to singularity order 2. In addition we suggest a simplified approach into singular
functions of asymptotics which belong to the tools of Green, trace and potential
operators. Note that even the lower order singular analysis contains challenges
and unexpected difficulties. For instance, an analogue of the Atiyah-Singer index
theorem according to the K-theoretic approach of [2] or Boutet de Monvel [4]
on operators with the transmission property seems to be not achieved yet. The
multiplicative behaviour of singular spaces, appearing in Cartesian products M% x
N2 € My for M, N € My is hard to complete by multiplicative properties of
associated operators, say, in terms of Kiinneth formulas for elliptic complexes.
Edge algebras and numerous structures in the context of boundary value problems
are a special case of corner problems, while cone algebras, are a special case of the
boundary symbolic calculus. Details can be found in Rempel, Schulze [45] ,[53],
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[56] and in a series of joint papers jointly with Chang [8], [9], [10], as well in joint
papers with Liu [35], Wei [61], Seiler [59], Hedayat-Mahmoudi [26].

The second Chapter is devoted to singular analysis of order & > 3. We show that
our approach is iterative under repeatedly forming cones and wedges, starting
with some base of given singularity order. Aspects on operators up to singularity
order 2 have been studied in joint papers with Calvo [6], Maniccia [39], Habal [22],
Rungrottheera and Wong [50]. Higher singular operators have been studied in [57],
[58] and in joint papers of the second author with Calvo and Martin [5], Habal
and Chang [7], Chang and Hedayat-Mahmoudi [11], Lyu [38].

1. Singular Manifolds and Corner-degenerate Differential
Operators

1.1. Corner Manifolds

The underlying corner manifolds M of singularity order £ € N, where £ = 0
indicates smoothness, are defined as stratified spaces M € 91, such that for k& > 0
there is an s, (M) € My, sx(M) C M, such that M \ si(M) € My,_1, and there
is a neighbourhood V' C M of s, (M) which has the structure of a locally trivial
Bp_,-bundle over sx(M) for a compact By_1 € My_1 where Bf | = (Ry x
By_1)/({0} x Bj_1) is the infinite cone with base By_1, and the vertex s;(Bg_;)
which is a single point. Often we briefly say that M is locally close to s (M)
modeled on Bf | x R%* for g := dim s, (M).

Note that X € 9y implies X2 € My, X2 x X2 € My, etc. More generally,
M € My, Q € My implies M x Q € My, and Q = s(M x Q) = s,(M) x Q which
is in turn a special case of the rule M x N € My for M € My, for N € M;. We
set dim M :=dim so(M) for any M x Q € M.

For an M € 9 the Bf_,-bundle over s,(M) represents a neighbourhood of
sk (M) in M. On a manifold M € 9, with boundary s (M) the situation is similar
and quite common when we identify a collar neihgbourhood V of the boundary
with the normal bundle with fibre R, . In the general case, by replacing V by an
R, x By_i-bundle then the “bottom” {0} x Bj_1 can be identified with an Bj,_1-
bundle which can be invariantly attached to M\ si(M). Let M denote the resulting
space. The double 2M obtained by gluing together two copies of M by identifying
the common subspace si(M) then belongs to Mi_;1. In order to illustrate the
situation we consider the case M = B* for a B € My. Then B* belongs to My,
and we have M =R, x B, 2B =R x B.
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Remark 1.1. Observe that the strata s;(M) for M € 9y, are not necessarily closed.
For instance, if M is a disk in C then so(M) is the open interior, and s1(M) the
boundary. If M € My, is embedded in R™ for some n and compact, then sp(M) is
closed.

For constructions below on compact M € 9, we choose specific partitions of
unity. First there are functions ¢y, I = 1,..., Nj such that Zf\fl Yp; =11in a
neighbourhood of si(M). In addition we find functions ¥_1,, 1 = 1,..., Ny_1
such that Zfﬁ;l ¥r—1,; = 1 in a neighbourhood of s;_1(M). Moreover, there are
functions x_24, l =1,..., Ny_o such that 252“1’2 Yr—2; =1 in a neighbourhood
of sg_2(M). This process can be continued such that finally we obtain functions
o4, ! = 1,...,Np such that ZlN:‘JI 1o, = 1 in a neighbourhood of so(M). We
choose all these functions in a way that they restrict to element in C*°(so(M)).
For ¥ := Y ,,; with summation over all m,l we set ¢, ; := ¥pn;/¥. Then
Zm,l ©m. = 1and Zl]\g ©m, = 1 in a neighbourhood of s,, (M) and the functions
Ym, form the desired partition of unity.

1.2. Differential Operators and Principal Symbolic Hierarchies

We now have a look at typical differential operators on spaces M € 9. Let
Diff"™(X) for any X € My be the Fréchet space of all differential operators on X
of order m with smooth coefficients (in any local coordinates). An operator A on
so(M) for an M € My, k > 1, is said to be an element in Diffy, (M) if in the case
dim s (M) > 0 it has the form

(1.1) A=r—# Z aja(r,y)(— r%)j(rDy)a

Jtlal<p

for coefficients a;q (r, y) € C (R4 x 1, Diffg;g(jHaD(Bk_l)), and in the case dim s (M) =
0

(1.2) A:r*”Zaj(r)(—r%)j
j=0

for coefficients a;(r) € C“(E+,Diﬂg;gj (Bk—1)). Clearly, deg can be omitted for
k —1 = 0. As in the preceding subsection, M € My, is locally close to sp(M)
modeled on X | x si(M) and the Fréchet spaces Diff”(Xj_1) are defined by
the iterative step before, where Diff”(X) for X € 9y is the standard space of
differential operators with smooth coefficients. For A given by (1.1) and (1.2) we

set

(1.9 A ) =1 Y aal0.)(—r ) ()

JtHlel<p
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respectively. In (1.3) we assume 1 # 0. In (1.4) v is interpreted as a complex Mellin
covariable, often regarded as an element of

I'y:={veC:Rev=2A\}
for a suitable real A, where A is associated to a corresponding weight. For A €
Diff*(M), B € lef”( ), M € My, and dim s(M) > 0 we have o,(AB)(y,n) =
01(A)(y,n)or(B)(y,n). In the case dim s (M) = 0 we have o, (AB)(v) = 01, (A) (v—
)O’k(B)( ). For A € Di deg(M), k > 1, we have at the same time A € Diffﬁeg(M\

sp(M)). Since M \ sp(M) € M1 we can determine ox_1(A), where we always
have dim sg_1(M) > 0. Thus we get the full principal symbolic hierarchy o(A).

Example 1. Operators of the form
A= (ry o) TH(r10p, )7 (117200, )72 - (g - - - rkaﬁ:‘)

forj1+-~~—|—jk:kbelongtODiffgeg(]R+><R+><~-~><R+) over M :=R, xR x
. XE_F € My.

1.3. Operators for Singularities of Lower Order

By singularities of lower order we understand the cases k < 2 which are necessary
for the iterative process. We first look at the case dim (s;(M)) > 0. Basics for
k = 2 are developed in the above-mentioned articles, especially in [26] T.he case
dim (s (M)) = 0 is a slight modification. The operator-valued symbols (1.4) induce
families of continuous operators between Kegel spaces K57 (X")

(1.5) o (A)(y,n) : KT(X") — K7#771(X ")

for s,7 € R when X € My and k = 1 and for s € R, v = (71,72) € R? when
X € My and k = 2. In this case we define v — pu := (y; — p)i=1,2. While Kegel
spaces for manifolds M € 9ty with edge are a traditional tool in singular analysis
the definition for X € 91, is by no means straightforward. Let us briefly recall some
notions in this context. We systematically employ the weighted Mellin transform
of weight v € R

Myu(v) := /O " ru(eydr!

first regarded as a continuous map M, : r7L*(Ry) — L*(I'y/5_-) where spaces
on I'y are interpreted as the standard ones with respect to the real variable Rev
for v € I'y. We then have weighted Mellin pseudo-differential operators on the r
half-axis

(1.6) Opy, (fu:= M} f(r,r' )My pu

for any f(r,r’',v) € S*(Ry x Ry xT';/5_,) in Hérmander’s symbol class, later on
to be generalized to operator-valued symbols, or, equivalently,

(17)  Op, / / SRR £ 1)2 — 4+ ip)u(r)dr Y dp
for dp = (2mi)~Ldp.
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A separable Hilbert space H is said to be endowed with a group action
k = {Ks}ser, if ks : H — H is an isomorphism for every 4, moreover, ksks = Kssr
for every 6,0’ € Ry, and h — kgh represents an element f(§) € C(Ry, H) for
every h € H. A Fréchet space E is said to be endowed with a group action k, if
E = imjeN EJ is written as a projective limit of Hilbert spaces E7 with continuous

embeddings E7 < E° for all j, where E° is endowed with k = {ks}scr, as well
as all B7 with rs|gs for all j.

For two Hilbert spaces H and H with group action s and 7, respectively, Q C RP
open, we have the spaces
SH(Q x RY; H, H)

of operator-valued symbols of order p € R, consisting of those a(y,n) € C*(Q x
RY, L(H, H)), satisfying the “twisted” symbolic estimates

17y APy Dy aly, m)Y s | oo,y < €
for all (y,n) € K x R%, K compact in Q, all & € NP, 3 € N?, for constants ¢ =
c(a, 8, K) > 0. A similar definition works for classical symbols with components
of twisted homogeneity p — j, j € N. Similarly, we form symbol spaces S*(2 x
RY%; E, E) for Fréchet spaces E, E with group action. We tacitly use this material
below and refer to the monographs [53], [56] or [15].

>N*\ﬁ\

Let H be a separable Hilbert space with group action x = {xs}ser, . Then
W3(R?, H) for s € R is defined as the completion of S(R?, H) with respect to
the norm

18) vy = {2 (P}

for dn = (2m)~%dn. The definition extends to the case of a smooth manifold YV
rather than R?, and for non-compact ¥ we also have “comp”/“loc”-versions of
such spaces. Another generalization concerns Fréchet spaces E instead of Hilbert
spaces, written as projective limits of Hilbert spaces with group action. We also
employ such generalizations.

Given a Hilbert space H with group action x = {Ks}ser, we have local weighted
Mellin Sobolev spaces H*7 (R4 xR?, H), defined as completion of C§° (R xR?, H)
with respect to the norm

B 1/2
a0 {[ [ Pl Moyl dvan)
9 bg1) /2

The number b is fixed in connection with extra information from the space H, for
instance, b := n in the case K7 (X") for X € My, n = dim X which is endowed
with the group action

(1.10) (ksu)(r,x) = 6TV 20 (67, x).
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For ¢ =0, H =C and ks = idy, § € R, we have the spaces H*"(R;) as well as
H57(X7). The latter ones are obtained for X € My, n:=b:=dim X and H :=C
by completing C§°(X”) with respect to the norm

N
HuHHs,w(xA) = { Z ||<pju [¢] (idR+ X Xj_l)*)||'2;.¢sw(]]{+><]gn)}l/2
§=0

where (Uy,...,Uy) is a covering of X by coordinate neighbourhoods, (¢1,...,¢N)
a subordinate partition of unity, x; : U; — R™ charts, moreover, (-). indicates the
push forward under the respective diffeomorphism, and idg, denotes the identity
diffeomorphism on R;. For X € 9, a possible definition of the Kegel space
K57 (XM) is

(1.11) KX ={wu+ (1 —w)v:ue H(X"),v e HS (XM},

cone

where HZ, .(X”) is modeled for r — oo on standard Sobolev spaces on R"*! of
smoothness s in coordinates & over Ry x U for any coordinate neighbourhood U
on X diffeomorphic to the open unit ball in R™ under the identification R x
U — {cone}, where “cone” indicates a conical subset in R"™!\ {0} obtained by
{Z = (Zo,r3") : Zg = @' := (Z1,...,3,)} for Z’ in the above-mentioned open
unit ball in R™. The definition of X%7(X") does not depend on the choice of the
cut-off function w, because of H*7(X"), HS  (X") C HE (X").

cone

We have
(1.12) KOOXN) = HOOXM) = r~"2PL2(XN),

and (1.10) is unitary in 7~"/2L2(X"). Moreover, if K?(r) is any strictly positive
smooth function on R, that is equal to 1 for 7 > &; and % for 0 < r < g for
some 0 < g9 < €1 < 0o then we have the relation

(1.13) (XN = KYKS0 (XM

where K7 is regarded as operator of multiplication by the corresponding function.

There is another “intrinsic” definition of Kegel spaces which is apparently more
natural in analogous form for X of higher singular order. We therefore sketch more
tools from the edge calculus of singularity order 1. If X is a smooth closed manifold
of dimension n then L’(‘CI)(X :R%) means the space of classical or non-classical
(indicated by subscript “(cl)”) parameter-dependent pseudo-differential operators
on X of order p € R in its natural Fréchet topology. Observe, in particular, that
L=°(X;R%) = mueR LH(X;RY) = S(R?, L=>°(X)) with L~°°(X) being identified
with C*°(X x X) via a fixed Riemannian metric on X. Let E be a Fréchet space.
By A(U, E) for an open subset U C C we denote the space of all holomorphic
functions in U with values in E in the Fréchet topology of uniform convergence
on compact subsets of U.
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Definition 1.2. Let M5 (X;R?) denote the space of all h(v, () € A(C,, L% (X; Rg))
such that h(A +ip,¢) € LE(X;Tx x RE) for every A € R, uniformly in compact
A-intervals.

The alternative definition of Kegel spaces is due to the following result of the edge
calulus, cf. [49], [38]. We set

(1.14) M (X;RE,) = {h(v,rn) : h(v, ) € Mb(X;R)}.

Elements of (1.14) are regarded as Mellin symbols, i.e., symbols of Mellin pseudo-
differential operators

OB (Wn)u(r) = [ [0y O hr, 172 = iyt ' dp
for h(r,v,n) € M§(X;RY,), dp = (2m)~'dp. The spaces Mg(X;R‘é) have some

natural properties: First kernel cut-off gives us a continuous map
LE(X;Th x RY) — ME(X;RY).
The assertions of the following theorem are well-known, cf. [53] or [56] and valid in
analogous form for holomorphic symbols in connection with singularities of higher
order.
Theorem 1.3. (i) Let h(v,¢) € MLH(X;RE), hlp, € LMH(X;Ty x R¢) for
some \. Then h € Mgfl(X;Rg).

(i) h(v,¢) € ME(X;RE) entails (TPh)(v,¢) := h(v+ B,¢) € ME(X;RE) for
every 5 € R.

(iii) For h(v,¢) € M5 (X;RE) we have (8,h)(v,¢) € ME(X;RE).

(iv) Forh(v,¢) € M5 (X;RE) and every 8, v we have Opy, (R)(¢) = Opl,(h)(¢)
on functions in C§°(R4).

(v) For h(v,¢) € M(’;(X;Rg) we have Op},(h)(¢)r® = r*Op},(T~*h)(¢) for
every a, 7 on CE(Ry), (T=h)(v,C) = h(v — a,C).

It is useful to enrich the space M5 (X; R%) by an extra parameter ¢« € R for some
w € N by replacing L (X; RY) by LI} (X;R}” xR). Let us denote the corresponding
class by
(1.15) ME(X;RY x RZ,).
Clearly we have

ME(X; R x R C M(’S(X;Rgn)
for every fixed ¢+ € R™. Therefore, we often suppress the parameter ¢ though it
could be added in many relations.
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We need some observations on associated operators, similarly as technique from
Kumano-go’ calculus [33], or of Seiler [66]. Let

fv,rn) € Mp(X5RY x RE ), g(v,rn) € Mg (X; R x RE, ),

and set

(1.16) A= r70p3 () (), B =7 Op3 " (g) ()

and form in admitted manner (since f, g are holomorphic in v) the composition
(117) AB = r~+Opy " 2(f) () o ™ Op; " (9) (m)-

Then

(1.18) AB = r=WH)0pY 2 (htg)

for h(v,rn) = f(v —v,rn) and

N
1
(1.19) h#tg ~ Zgafh(_rar)kg+mv+1
k=0

where the remainder is a Mellin oscillatory integral
(1.20)

1 N
1-46 . dt
TN+1 :/ % // tTONT h(v + 07, ) (— rar)NHg(v,trn)?d‘TdO.

0 .
We obtain
(1.21) ry+1(v,mn) € M(’;JFV*(NH)(X;R%)
and hence
Theorem 1.4. h € MG (X;RY x R, ), g € MH(X;RY x RY, ) entails h#g €
MET(X;RY x RE, ).
The following result is known from [66] or [20], but our proof also applies in more
complicated situations below. Since ¢ € N is arbitrary, we also may replace f, g
by

Fr,v,m,0), g(r,v,n,¢) € MA(X;REN )

for an additional parameter ¢ € R? for any d € N.

Theorem 1.5. For every p,~y € R there exists an element f*(r,v,n) € M&(X; R?,n)
such that for any sufficiently large |n| the operator

(1.22) rROPY () () KOV (X) = KRR (XY

is an isomorphism for every s € R.

Proof. We choose a parameter-dependent elliptic I(z, p,7) € LE(X;RY x Ty x R%)
and produce via kernel cut-off turning p on I'yto the complex variable v an element
f(e,0,7) € Mi(X;RY xRE). Then, setting f*(r,v,n) := f(,v,rn) we first see that
(1.22) is an elliptic operator in the cone algebra over X" with conormal symbol

(1.23) £, 0,0) : H¥(X) — H**(X)
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which is an elliptic pseudo-differential operator with parameter (;,v) € RY¥ X
I'(n41)/2— and bijective for sufficiently large |¢|. If necessary, we modify the Mellin
symbol vy a translation in the complex v-plane. At the same time (1.22) is an edge
symbol in its dependence on 1 which is homogeneous in the sense

(1.24) r=rOpY; MR (F) () = 87 ks (r 0P P (F1) () Ry L

Composing r”‘OpXJ"/Q(f”)(n) from the right with r“OpL—“_n/Q((f“)*l)(n) we
can first commute 7* in the middle through the Mellin action, cf. Theorem 1.3
(iv), and then apply the above-mentioned composition result. Then, for sufficiently
large ¢, |n| the remainder becomes small and hence we can compute the inverse of

rOpR () (), -
Thus, setting R~°(n) := TSOpX/?_S_"/Z (f7%)(n) for suitable f~*(n) € My*(X;RY,)
we can define

(1.25) Ks7(X") = R™5(m)K* 75 (X7)

for any |n| sufficiently large.

Kegel spaces give rise to edge spaces, cf. relation (1.8) for H = K57(X").

For singularity order 2 we now consider a compact element B € 9; with edge
Y :=s51(B), dimY =: ¢ > 0, and define spaces K7 (B") for s € R and a pair of
weights v := (71,72) € R2. Assume, for convenience, that Y has a neighbourhood
V' which corresponds to a trivial X4-bundle over Y for some compact X € 9.
On our B € 9M; with edge Y, locally near the edge modeled on X# x Y we first
form the edge space W*(Y, K57 (X)) for a weight 7; € R and define

(1.26) H*"(B) = oy WY, K57 (X)) + (1 — wy ) H*(2B)

for any cut-off function wy := wy(r1) on B, i.e., some function in C*°(s¢(B)) which

is equal to 1 in a neighbourhood of Y. Set H**"(B) := (,cx H*"(B).
Let

S (Ry, HM(B)) := weH "2 (Ry, H" (B
(1.27) (Ry (B)) = w2 (R (B))

+ (1 —w2)S(R, H>®"(B))|r,,

where wy := wy(r2) is a cut-off function on the 7o half-axis. We form the space of

edge pseudo-differential operators
(1.28) L*(B,gp;RY) C Lt (s0(B;RY)
for weight data g5 := (v1,71 — i, ©1), with 01 := (—(¥1 + 1),0] for a ¥, € N.
Definition 1.6. Let M5 (B, gz;R?) denote the space of all
h(vz, () € A(Cy,, L*(B, g 5; RY)))

such that h(A+ip, () € L*(B,gg;Tx x RY) for every A € R, uniformly in compact
A-intervals.
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Definition 1.7. For compact B € 9; with edge Y, locally near Y modeled on
X2 xY for an X € My and v := (71,72) we define

(1.29)
KoY (B") = wowi HO 2 (Ry x YV, KO (X)) 4+ (1—wo)wi HOO(Ry x YV, KO (X))
+ (1—w2) (1=wi)K*O((2B)")) + wa(1—wi) K2 ((2B)"))

for cut-off functions w; = w;(r;)i = 1.2.

In the latter definition we employ that the double 2B belongs to 9t,. The spaces
of Definition 1.7 are Hilbert with scalar products from the non-direct sum. In
particular, we fix the scalar product of K%%(B”) as a reference scalar product.

Note that k = {xs}ser, defined by
(1.30) (ksu)(rp, ) = 6D 20 (Gry, )
turns K%7(B%edge) to a Hilbert space with group action.

We have a non-degenerate sesquilinear pairing

(1.31) (~, ')}C0,0(B/\) : K:O"Y(BA) X K:O’_'Y(BA) - C
for any v = (71,72) € R?, and we have a natural inclusion
(1.32) S (R, H>®"(B)) C K%272(B").

This allows us to identify the space
S (Ry, H07 1 (B)) = wpH =7 (Ry, H07 1 (B))
+ (1= ws)S (R, H= " (B))a,
with the anti-dual of

(1.33)
S (Ry, H>M(B)).

In some considerations such as in the £ = 2-analogue of Lemma 2.2 below, it makes
sense to employ

HOE(Ry, HY M (B)) 1= wyH* " Ry, H (B))
+ (1 —wro)ry “H* (R, H*7(B))|r,
for any s,e € R. Then for B € 911, dim B = b, where

(1.35) ™ (Ry, H (B)) = lm M (Ry, ™ (B))
s,e€R

(1.34)

Theorem 1.8. For every h(ra, v, n2) € M(%Wz (B,gp;RZ,.), 95 = (y1,7, (—(91+
1),0]) the operator

Opr[’;b/Z(h)(m) L KCO2 (B/\) —y K071y (B/\)

for b :=dim B s continuous.
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Proof. The claimed continuity can be reduced to a Calderén-Vaillancourt argu-
ment which is valid also for arbitrary orders k. O

For every p,y1,72 € R we choose an element f#(ry,v9,12) € M(’;vz (B,gg;RY x
R72, ) such that for any sufficiently large |¢| and |72 the operators

(1.36) 73 Opy; "2 (f")(no) : S (Ry, HT (B)) — S H(Ry, HP~(B))
as well as

(1.37)

O (f1) () + (872 Ry, HOM(B)) — (872 H(Ry, H™ " #(B))

are isomorphisms.

For the construction of f# we can proceed as follows. We consider the space of
holomorphic Mellin symbols

(1.38) Mp, (B, gpi R} x RE)

with an extra parameter : € R*. We obtain elements of the space (1.38) by kernel
cut-off from the parameter-dependent space

(1.39) L*(B,gp; R x T'y XR%)

Then we can start with a parameter-dependent elliptic i(L, p2,7212), p2 € L'y in
(1.39) and pass via kernel cut-off, where ps turns to the complex variable v to

an element f#(rq, 1, v, 1) := f*(1, v2, r212) in (1.38). For sufficiently large |o|, |12]
we can first prove the injectivity of

—p—b/2 7 - —b/2
(P 0p3; "~ 2((F) ") (m2))rs " OpR; " (£) (m2)

in K%7(B") which entails the injectivity on 72 (R, H>71(B))) and then, via the
sesquilinear pairing (1.31) the injectivity also on (S§72(Ry, H>7"1(B)))'.
Choose an f~%(ry,va,1m2) € M5:2(B,gB;RZ§n2) of this kind and denote the iso-
morphism (1.37) by

R = r30p "2 (70 ()
For v = (711,72), s € R we define
(1.40) K(B) i= R (K2775(B) ).

endowed with the norm

lullicsr(Bry = IJvllico.v—s(Br)

for u = R™5v.
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Theorem 1.9. For every u € R,y := (3,72) € R? there exists an element

(1.41) f(ra,v2,m2) € Mp(B,gp;RY,,,)
forgg = (1, — i, (—(¥1 + 1),0]), such that for any na # 0 the operator
(1.42) r3 O () () KO (BR) = KT (BY)

is an isomorphism for every s € R. Moreover, an operator (1.42) for any f* as in
(1.41) is continuous for ny # 0.

Proof. First we write

]C&’Y(B/\) — R_SICO’"Y_S(BA), ;Cs—uﬁ—u(B/\) _ R—(s—u)/CO,’v—(s—u)(B/\)_
Then, denoting the operator (1.41) to be established by A we can consider B :=
RS“MAR™% : KO7=%(B") — K%7=(s=#)(B"). Tt suffices to construct any isomor-
phism B : K%7=*(B") — K%7~(s=#)(B") in our operator class and then return

to A:= R~~#"BR*. Such a B can be easily found by the former methods, and
then we find the desired A. Then we also obtain the second assertion. O

1.4. Singular Functions and Discrete Asymptotics

For understanding the edge algebra it is essential to look at ideals of operators
which are related to singular functions of asymptotics when we approach singu-
larities. In this subsection we establish an approach which is easier than the one
developed, e.g., [56]. We focus on constant discrete asymptotics. For brevity we
do not consider continuous asymptotics. Let us first look at the traditional edge
algebra on a manifold B with edge locally near s;(B) modeled on R? x X* for
a compact X € 9. Then a discrete asymptotic types associated with weight
data (8, ©) and dimension n := dim X, for a weight 5 € R and a weight interval
O =(—(0+1),0] for a ¥ € NU {00} is defined as a sequence

(1.43) P :=A{(pj;mj)}j=1..xn CCxN

such that m¢P := {p;},=1,... .~ is finite if ¥ is finite, otherwise we assume Rep; —
oo for j — oo and

acPC{veC:(n+1)/2—B+9<Rev<(n+1)/2-75)}.
The space of singular functions Ep(X") over X” for a finite asymptotic type P
associated with the weight data (v, ©) is defined as the set

N mj;

(1.44) Ep(XN) = {wZZcﬂr—pﬂ' logr: ¢;; € C®(X)},

j=01=0

where w(r) is a cut-off function. Then we set ICgB(XA) =lm__ [CsBHI=2(XN)
and the non-direct sum

(1.45) K37 (XN = K5 (X)) + Ep(XD).
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Globally on a manifold B € 9t; with edge Y and 8 € R we set
(1.46) HZ™(B) := oW (Y, K57 (XM) + (1 — wi)H?(2B),

cf. also notation (1.26). In addition we set K%7:¢(X") := [r] 757 (X") for any
e € Rand KZ"™(X") := [r]°LZ"™(X"). An element C belongs to L~>°(B,gp)
for a manifold B € 9t with edge and g5 := (71,71 — p, (0, — (¥ + 1]) if it induces
continuous maps

O HOMB) » HETME), O Y (5)  HE ) (B)

for discrete asymptotic types P, S depending on C. We set L_°°(B7gB;Rg) =
S(Rga L_Oo(ngB))

Definition 1.10. An element g(y,n) € SH(Q x R (XN), L7 7H(XM)) is
called a Green symbol if

(1.47) g(y,m) € SH(Q x RY O XN, KZTH2(XN),

(1.48) g*(y,m) € SH(Q x RGKCH™MHHe(XN) K H2(XM)

for all s,e € R, where “g*” indicates the K%°(X")-adjoint of g, and P, S are
asymptotic types depending on g.

The symbols of Definition 1.10 generate the class Lt (B, g;R?) C L*(B, gz;R?)
of Green operators of the edge calculus.

Let us now recall other subclasses of edge operators, namely, smoothing Mellin plus
Green operators with constant discrete asymptotics. Let us first give a definition
of asymptotic types for smoothing Mellin symbols. Such an asymptotic type is a
sequence

R:={(rj;nj)}jer SCxN
for an index set J C Z such that 7cR := {(r})};ey intersects every strip {v € C :
¢ < Rewv < '} for finite ¢ < ¢’ in a finite set of points.

Definition 1.11. By M;°°(X) we denote the set of all
f e AC\ mcR, L™ (X))

such that for any m¢R-excision function x we have xf € L~>°(X;Ty)) for every
real A\, uniformly in compact A-intervals and which are meromorphic with poles
at the points of m¢R of multiplicity n; + 1 and Laurent coeflicients of finite rank
belonging to L~>°(X).

Smoothing Mellin symbols associated with the weight interval (—(9 + 1),0] for
¥ € N are of the the form

9
(1.49) my,n) =1 i, Y Y H0py T (fia) W)nwi,

J=0]a|<j
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for wy ,(r) = wi(r[n]) with w; being a cut-off function in r, arbitrary
ialy,0) € C(2, Mz (X))
for Mellin asymptotic types R, and weights
v —J <o <7 suchthat Rjo NTni1)2 = Via = 0, n = dimX.

Applying ideas of [26], we can define singular functions also in another manner.
It may be convenient to avoid cut-off functions in the definition of (1.44), or in
higher order analogues. For instance, if we replace w(r) by a function of the form
e for some N € N, N > 1, then we obtain a modified space Ep(X"), where
(1.45) remains the same, except that the resulting asymptotic type P satisfies the
shadow condition, i.e., (p,m) € P entails (p — j,m) € P for j € N such that
Re(p—j)>(n+1)/2—~v+7.

Similar constructions make sense over any B € 91; rather than X € 91y By
Ly o(B,gp) C L*(B,gp) we denote the space of all operators M + G generated
by symbols (m+g)(yz2,n2) for analogues of m of analogues form as (1.49) and Green
symbols g. In a similar manner we can introduce parameter-depending classes with
parameter ( € R? by adding ¢ as an extra covariable together with 7. Details for
arbitrary B € 9y for any k € N are developed in Subsection 2.4 below. The
smoothing Mellin symbols, say, for k = 2 of the class Mz (B,gg) > f(v2) are a
counterpart of holomorphic Mellin symbols h(rg, v2,m2) € My (B, gp;RE,,.). Any
such Mellin symbol generates a sequence of conormal symbols. The leading one is
ho(v2) = h(0, va,0) which is holomorphic as well.

1.5. Parameter-dependent Edge Calculus

In this subsection we summarize some constructions on parameter-dependent op-
erators on a space B € M; with edge Y; := s1(B) for dimY; = ¢; > 0. Because
of the higher corner calculus below from now on we write (y1,71) rather than
(y,n)and ©; instead of O, etc.. We assume that B is locally near Y7 modeled on
X2 x R% for some compact X € My. These operators furnish a space

(1.50) LM(B,gp:RE) C LY (so(B); RY)
for weight data g = (y1,71 — p, ©1) with weights 71,71 — ¢ € R and a weight

interval ©1 = (—(¥; + 1),0] for some ¥; € N. The elements of (1.50) consist of
sums

(1.51) A(C) = H(C) + M () + G(¢) + Aine(€) + C(C)
where H(() is locally near Y7 of the form
(1.52) H(C) := Opy, {wrry "Op3; " () (g, m, et}

for h(ry,y1,v1,m,¢) == il(rbylavlarlﬁl;rlé) for
(1.53) h(ri,y1, 01,7, 61) € C(Ry X Q,Mg(X;R%kl‘Ed)),
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cut-off functions wq(r1) < wi(r1), M + G € LlﬁL/HG(B,gB;Rg), and Ay € (1 —
w1) LY (50(B); RE) (1 — wY) for cut-off functions wy (r1) = Wi (r1).

Let

ays,m, ¢) = wOph, ™ (1) (1, m, ()
where the operators of multiplication by w = w(ry), w’ = w'(r1) belong to the
interpretation of a(yi,n1,() as operator-valued symbol
(1L54)  a(yn,m,¢) € S™(Q x R LK (XN, K57H7 (X)),
Moreveocer, C({) € L_°°(B7gB;Rg). The full amplitude functions (a + m +
9)(y1,m,¢) of elements (A + M + G + C)(¢) € L*(B,gp; RY) furnish a subspace

of SH(Qy x RETD [Com (X 1), KCs~#P=#(X ")) that we denote by

(1.55) RMR? x R1H g o).

2. The Higher Iterative Calculus

2.1. Mellin Operators of Arbitrary Order

We now formulate an iterative process of generating higher corner operators. The
operators on M € My, locally near Yy, := s (M) modeled on Bf_; x R%, for some
B := Bji_1 € M1 of dimension b and ¢, = dim Y}, have the form

(2.1) A=H+M+G+An+C
belonging to a space
(2.2) LM(M,g) € Liy(s0(M))

for a tuple of weight data g := (g;)i=1,...k» 9; = (Vi» Vi — 1,05), ©; :== (—=(V; +
1),0], ¥; € N, where H is locally near si(M) under the assumption dim s; (M) > 0
of the form

(2.3) H := Op,, {wir;, " Opy; " (h) (g, i)k}

for A(ri, Y Ok k) == R(Ths Yis Uy Th M)

(2.4) h(Ts, Yi, iy i) € C°(Ry x qu7Mgvk (B, g5 RE)),

for gg = (g;)i=1,...k—1, and cut-off functions wy = wi(rg),w), = wi(rk) with

wi < wy,. The space M5 (B, gp; k) is defined as the set of all

h(vkvﬁk) € A(CT)kaL#(BagB;R%IZ))a
such that

h(A+ip, i) € L*(B,gp; Tx x RE)
for every real A, uniformly in compact A-intervals. Here, vy = A+ ip and (\, 7)) €
R!'*9 is the parameter in the edge operator class over B with “sleeping” param-
eters that are contained in the symbol classes which are of nature as extra edge
covariables, cf. the parameter ¢ in (1.50).
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Moreover, we define M + G € L’;/HG (M, g) in a separate step, and employ Ay €
(I—w)LH(M\ s (M),gp)(1 —w") for cut-off functions w(r) > w”(r), known from
the iterative steps before.

Because of relation (2.2) the operators A € L*(M, g) have a standard homogeneous
principal symbol og(A). Moreover, we define

(2.5) o1 (A) Yk, i) = ok (H) (Yx, M) + 0 (M + G) (Yr, M) -

The second term on the right-hand side is defined in Subsection 2.4 below. Con-
cerning H we set

(26) o (H) (i) 1= i, Op3; " (o) (g, 1)
for ne # 0,
ho(7k, Yoy ks 1) 2= (O, Yk, Oy TR1E)-
We shall see below that o (A)(yk, nr) defines a family of continuous operators
(2.7) ok (A)(Yn, i) := K(B") — K777 (B7)

for every s € R and v = (8,v) for 8 := (y1,...,7Vk—1). Since operators A €
L*(M, g) belong at the same time to a similar operator space over M \ si(M) €
M1, the definition (2.6) of symbols can be iterated, which gives us first o1 (A4)(Yk—1,Mk—1)
KC3B(CN) — K3=HP=1(CM) where B locally near s;_;(B) modeled on C* x R%-1
for a C € My_2, Ni—1 # 0, ete., up to oo(A)(yo,no), mentioned before.
Definition 2.1. By R*(Q; x R% g) we denote the set of all operator families

28)  alysm) = wiryOpy; " () i, ) + (m o+ 9) (i, )

for arbitrary cut-off functions wy, := wi(ry), wy, := omegaj (ry), and

h(rkaykvvkvnk) € COO(@J’_ X kaM(l;ruk (BygB;qu ))

TNk

The elements of R*(Q x R, g) are local amplitude functions for the calculus
of operators A € L*(M,g) close to si(M), up to the interior contributions Ajpus.
Similarly we have local amplitude functions close to every s;(M), up to the interior
contributions, for every 0 < j < k. Writing

symbLF(M, g) := {o(A) = (05(A));=0... : A € L(M, g)}
we have a principal symbolic map A — o(A), namely,
o: L*(M,g) — symb(L*(M, g).
We form the spaces
(2.9) H*P(B) := wp W (Y1, KSP(C?)) + (1 — wi_1))H*°(2B)

for § := (71,...,7k—2) and a cut-off function wy_1 in rg_;.
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Using the space H>#(B) = (,cg H**# (B) for compact B € M;_1 and any weight

tuple 8 = (71, ..,vk—1) We set
(2.10)

S™(Ry, H®P(B)) := wpH ™ (Ry, HP(B)) 4 (1 — wi)S(R, H*?(B))|s, ,
where wy, is a cut-off function on the r; half-axis. Since the Kegel spaces involved in

(2.7) are studied later on instead of (2.7) we interpret the symbol o1 (A) according
to

Lemma 2.2. The symbol o (A)(yk,nk) induces a family of continuous maps
(211) (A (g m) = ST (R, H=O(B)) = S™H(R,, HOH(B)).

Proof. We focus on the Mellin part of A. The M plus G part is simple and left to
the reader. Let Mu(r) := r—#Op],(f), first for a Mellin symbol f(v) € M%(H, H)
with constant coefficients in r, taking values in a L(H, H ) for Hilbert spaces H, H.
We show that
M : S’Y(RJ'_,H) — S’Y(RJ’_, H)
is continuous. Here
ST(Ry, H) := w(r)H® T (Ry, H) + (1 = w(r))S(R, H)|r,.

for some cut-off function w. Let us write M = (w + (1 — w))M(© + (1 — @)).
Then the desired mapping property for wM& and wM (1 —®) is certainly true. For
(1 —w)M and (1 —w)M (1 —&) we may argue in terms of commutation relations,
e.g., (1 —w)MorN =r=N(1 — w)My& for any N € N and a Mellin operator
My with a translated Mellin symbol. For derivaties in » we combine commutation
relations with 70r with powers of r treated before. Similar arguments hold when
we replace H, H by projective limits of Hilbert spaces. O

In order to understand more on the iterative structure of edge symbols we consider
as an example an edge-degenerate differential operator

(2.12) A= T;# Z aj2702(_7128T2)j2 (TQDyz)a2

Jot|az|<u

for coefficients aj, a,(r2,y2) € C® (R4 x R‘Z2,Diffge_g(j2+la2‘)(B)) for a B € My

locally close to s1(B) modeled on X* x Q; for an X € My and insert once again

(213)  aja, =y "D > biv.ar (—710r, )7 (r1 Dy )™
Jitlar[<p—(j2+laz])

for coefficients bj, q, (r1,41) € C°(Ry x R, Diff* =1+l (X)), Then we obtain

a corner differential operator

(2.14)

_ okt (Gat]az|) 2 : 2: j
A= Ty Mrl bjl,al(_rlaﬁ)jl (rlD?h)al
Jat|ez|<pgit|ar [ <p—(j2+]az2])

(_TQaTz )32 <T2Dy2)a2
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which is the same as

A=rtr" Y > i1, (1107, ) (11 Dy, )™
(2.15) g2tlez|Spjrtlan|Sp— (24 ez])
(——Tlrgfké)]2(Tngl)yz)a2.
Off o = 0 the operator C is edge-degenerate for the edge 23 x Ry ,, x €2 and has
as such an edge symbol

o1(A) (Y1, 72, y2, M, p2,m2) = 11 " Z Z 75 "bjy 0
(2.16) Jat|az|<pji+]on | <p—(j2+]oz])
(=18, )7 (rem) (11720 p2) 2 (r172710) 2.
In order to avoid confusion compared with notation in (1.3) the role of y; now
plays the tuple of variables (y1,72,y2) and of 1; the covariables (11, p2,72) which

are multiplied by 71 as it ought to be because of the edge-degenerate behaviour in
r1. However, close to ro = 0 the operator A is corner-degenerate, and

(2.17) o2(A)(y2,m2) = TQ_HOPX;:/Q(”O)(W, n2)

for

(2.18)

ho(y2,v2,m2) = h(0,y2,v2, 72m2) = Z Z bji,an lra=0

Jotlaa|<p gr4|on |[<p—(ja+]|az])
P (=110p, )7 (r1 Dy, ) (r1v2)72 (r7am2) 2,

i.e., 02(A)(y2,7m2) is described by a Mellin symbol in C’O‘D(IR@’?,M(‘;“2 (B,g;R2, ).

T2M2

2.2. Compositions

Theorem 2.3. Let M € My, dimsg(M) > 0. Then P € L*(M,p) for p = (v; —
v,% — (0 +v),0;)i=1,...k and Q € L (M, q) for q = (vi,vi — v, 0i)i=1, .. implies
PQ € LF(M,p o q) (when one of the factors is properly supported, in obvious
meaning) and

(2.19) 0;(PQ) = 0;(P)o;(Q), j=1,....k
Proof. Similarly as (2.1) we have
P=H+M+G+Au+C, Q=F+N+L+ Bjnt +D

with obvious notation. Let us first show that HF' is of the form

(2200 Op,, {wnry, T ORY (D) s )i + (4 9) (o)}
for cut-off functions wg(ry), wy,(rx), a Mellin symbol
(2.21) U(rks Yr, Uk, TR1E) € COO(RJr x Rq’“,M(’S+V(B,gB;R;{2%)),

and (m + g)(yr, i) € Rofi o (R? x R, gg). Writing

P = Op,, {0y "Op3s ™2 (1) (g mi) o}
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and
Q@ = Op,, {@ery Opys ™" (m) (g, )1}
we have
(2.22)
PQ =O0p,, {wiry,"Op3s ™" "2 (h) (i, i )wi ODy, {@wr7 Y Opis "2 (m) (e, mie) o
= Op,, {wiry, “ T Op3E (T ) (g, )i }ODy, {21 OD Y5 ™" (m) (i, )04}
= Op,,, {wiry, “ T OPIE 2T ) (g, )i JE{ @k OPYs "> () (s mie) 4}
= Op,, {wiry, “ T Op3E (T ) (ye, ) F{ODR ™% (m) (g )31} + G
for
G =0p,, {wiry, “ 0P} 2 (T ) (yhoy i) (Whr—1}
#{OD3s "% (m) (g i) 01 }-

The computation of the Fourier-Mellin Leibniz product on the right-hand side of
(2.22) applies the rules of oscillatory integrals, using the Mellin-modified version
with operator-valued symbols and twisted symbolic estimates, similarly as methods
in Seiler [66]. The convergence of the Mellin oscillatory part employs the fact that
after finitely often differentiating amplitude functions in rj, or v we obtain a decay
which implies convergence of integrals over Ry X R 3 (rg, Imwvg) when we apply
any semi-norm of the involved operator algebras. This ensures the shape of (2.21),
including the combination of variables in the form r;ny, the specific arguments for
holomorphic dependence of (2.21) on v, € C and the required shape of remainder
terms. The Fourier part of oscillatory integrals can be treated in an analogous
manner. The expression (2.23) belongs to Lé+”(M ,Poq), according to the rules of
treating Mellin operator compositions with holomorphic symbols and a factor w—1
in the middle, for some cut-off function w. What concerns the M+G-contributions
we employ that those form an ideal. The same is true when compositions contain
an “int”-factor which preserves “int” when the other factor in P or @ is of that
kind, or of Mellin plus Green nature when the other factor belongs to the M+G
operator class.

(2.23)

What concerns the composition rule for symbols the only new aspect compared
with singularity order < k is relation (2.19) for j = k. This follows from limit
expressions of the kind

7 (P)(yks k) =677 lim k5 p(ye, 011k Ais

when we represent, for instance, the operator P locally near sy (M) by an amplitude
function p(yg, nk) € RY(Q x R g), cf. Definition 2.1. O
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2.3. Higher Kegel and Wedge Spaces

Recall that notation of weights will be employed as follows. We define weighted
spaces of smoothness s € R and weight v := (v1,...,7) for any k¥ > 2 and we
define

Y= (= M — B
for any p € R. In order to have simple references to constructions for smaller
singularity orders, we set

Bi= (s Ve=1)s 6 1= (V15 Ye—2)
and also v = (8,7r). Kegel spaces are the framework for expressing operator-
valued symbols of operators A on M € M. In fact, the construction of our higher
corner operators A refers to local representaions of M close to every y; € s;(M)
as

(2.24) BjA_1 x £
for some B;_1 € M;_1,j = 1,...,k, successively yields the principal symbolic
hierarchy

(05 (A)(Y5:15))j=1,...k
together with the standard homogeneous principal symbol o¢(A) on so(M). Then
0j(A)(y;,mn;)) is a family of operators between weighted Kegel spaces

o (A)(y;,ny)) « KO (Bi_y) — K70 (B] )
for (y;,n;) € R% x (R% \ {0}) all s € R and weight tuples v(;y = (1,...,7;) € R/,
where vy — pu = (v1 — #,...,7; — p). In this section we introduce and study
these higher Kegel spaces. By virtue of the iterative approach we may assume that
the cases for j < k are treated. Thus we may focus on the case j = k, and we
set B := Xj_1, assuming that B is locally near s;_1(B) = Y;_; identified with
C? x Yj,_; for some C € Mj_5. We use the fact that 2B € My _o.
Definition 2.4. For compact B € 91,1 with edge Yj;_1, locally near Y;_; modeled
on C* xYy_q foraC € My_y, CN =R, ,, , X C, and for weights v := (3, ;) we
define
(2.25)

K:O”Y(B/\) = wkwk_lHo"Yk (R.,. X Yk—h ICO’B(CA))

+ (1—wp)wr 1 HOO(Ry x Vi g, K7 (CM))
+ (1—wp) (1=wi— 1)K ((2B)")) + wi(1—wi— 1)K ((2B)))
for cut-off functions wy = wi(rk), Wp—1 = wWk—1(rE—1)-

In Definition 2.4 we employ that the double 2B belongs to 9t;_5. The spaces in
(2.25) are Hilbert spaces and K%7(B") is endowed with the scalar product of the
non-direct sum. In particular, we fix the scalar product of X%°(B") as a reference
scalar product where the second zero has the meaning of multiple weights

(2.26) 0:=(0,...,0), (ktimes).
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We have a non-degenerate sesquilinear pairing
(s )xoopay : K¥V(BY) x K%77(B") — C
for any v = (3,7%) € R¥, and we have a natural inclusion
(2.27) ST (Ry., H*P(B)) € K%P% (B").
This allows us to identify the space
(S™(Ry, H®(B))Y = wpH=>"" (R, H=>>"(B))
+ (1~ wp)S' (R, H™7F(B)) e,
with the anti-dual of SV (R, H*?(B)).

(2.28)

We can also form spaces

HEWE(Ry, HP(B)) == wyH* " (R, H*P(B))
+ (1 —wi)ry “H°(R, H? (B))|z,

for any s,e € R. Then for B € M1, dim B = b, we have

(2.30) S™ (R, HP(B)) = lim H>7(Ry, H*(B))
s,e€R

(2.29)

and
H3 (R, HP (B)) € K%°(B")

for s,e > 0, B, yx > 0, where H*7%¢(R,, H*#(B)) can be identified with the anti-
dual of H=%~i=¢(R,, H~*~A(B)) with respect to the KX%°(B")-scalar product
and vice versa.

Theorem 2.5. For every

h(Tk, Uk nk) € M(%“k (Ba 9p; Rg’;nk)
for gg == (75,75, (—(0; +1),0])j=1,... k—1 the operator
(2.31) Opy;. 2 (h)(ne) : K7(B") = K°7(B")

18 continuous.
The proof will be given below.

Theorem 2.6. Let h(ry, vx, i) € MG5(B,gp;RE ), 95 = (Vi Yi—1, O )i=1,... k-1
then

(232) i hOpY () : S (R, HF(B)) — S0 (Ry, H=9~(B))
is continuous for every f € R¥=1 ~p € R and n;, # 0.

Proof. The proof follows the lines of Lemma 2.2. O
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For every u € R, v € R¥ and B € 9;_; of dimension b we choose an element
Fr(r, vk, ) € M, (B gp;RY x R%* ), v = (3,7), such that the operators

TkMNk
(2.33) 7,"Opy; b/z(f“)(nk) L SRy, HP(B)) — ST H(Ry, HP7#(B)))
as well as
(2.34)
O P (k) £ (87 (R, HP(B)) — (S (R, H®P7H(B)))’

are isomorphisms for any 7 # 0.

Remark 2.7. The element f*(ry, vg, nx) € Mp (B gp; RY xRik, ) can be chosen

Tk
in such a way that isomorphisms (2.33) and (2 34) are induced for all ¢ < v; < ¢
for arbitrary fized ¢ < . This only requires that the additional parameters v, € RY
at every level of singularity are of sufficiently large absolute value. Therefore, if we
have some fixed tuples of weights in mind, we can arrange the corresponding iso-
morphisms for all v; and —~; fori=1,...,k at the same time, using, if necesary,
translations and dilations in the complex variables v; for all j.

Definition 2.8. Let s, 7, € R, 3 € R*~!, and let B € M;_; be of dimension b.
Choose an f~%(rg, vk, k) € M(;jk (B,gp;R%* ) and denote the above-mentioned

TRk
isomorphism (2.33) or (2.34) by

R = rOp} () (),
Nk 7 0. We define
(2.35) K57(BM) i= K580 (BN = R—S(KW—W—S(BA)),
for v := (B,7), B := (71, Ye-1)-

Definition 2.9. Let H and H be Hilbert spaces with group action  and &, respec-
tively. By SO(R? x RY; H, H)., we denote the set of all a(y,n) € C*°(R29, £(H, H))
such that

(2.36)

m(a) == SUP{H{R@i{Dnga(ya77)}“@,)”5(11,1?1) (y,m) € R* o <a,f< /3}
is finite for « := (M + 1,...,. M + 1), B8 := (1,...,1), with M € N being a
constant belonging to the norm growth of # in L£(H). Moreover, let SO(R, x
R? x ' (y41)/2—» x R H, H)cy denote the set of all f(r,y,(b+1)/2 — v +ip) €
C®(Ry x R x T'(y41) /2, x RY, L(H, H)) such that

(2.37) a(t,y,p,n) == f(e™',y, (b+1)/2—v+ip,n) € S RXRI XRXR% H, H)ey

Theorem 2.10. Let H and H be Hilbert spaces with group action k and K, respec-
tively, and let f(r,y, (b+1)/2—v+ip,n) € SRy xRIXT 541y /2, XR% H, H) oy

Then OpyOpV b/Q(f) induces a continuous operator

Op, 0P’ "2 (f) : HO¥ (Ry x R, H) — HO¥ (R x RY, H),
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v—b/2
and we have ||Op,Op,, / (f)”L(HO’V(RJFxJRq,H),?—LO,V(]RJrqu,FI)) < cn(f) for a con-

stant ¢ > 0 independent of f.
Proof. The proof follows the lines of Seiler, [64]. O

Proof of Theorem 2.5. The proof is a consequence of iteratively applying Theorem
2.10. By virtue of Definition 2.4 we can write

Ko (B") = Hy + Ly,
for cut-off functions wy, := wi(rg), wp—1 = wWrp—1(rp—1),
Hy, := wrwr 1 HO* (R x Vi1, K22 (C™)+(1—wp)wr 1 HOO (R x Y1, KOP (C™))
and
Li = (1 — wi)(1 — wp—1)K5O((2B)) 4 wi(1 — wi—1 )% ((2B)M)).

The claimed continuity in spaces Hy, follows from Theorem 2.10 by applying charts
on Y;_1 to R%-1 and a subsequent partition of unity. The spaces contained in Ly
are of smaller singularity order and the continuity holds because of the iteration
step before. O

Corollary 2.11. The spaces K%7(B”) are independent of the choice of R™% in
Definition 2.8.

In fact, let R~* be an another order reducing isomorphism of analogous kind as
R~% and denote the resulting space by K£*7(B"). Then

Rs,@s,'y(B/\) — RSR—SICO,’Y—S(B/\) _ ,CO,'y—s(B/\)
since by Theorem 2.5 the operator R°R™ : K%7=5(B") — K%Y=%(B") is an
isomorphism. Thus K£%7(B") = K%7(B").

Remark 2.12. The operators
(2.38) A= r " OplE () () : K3 (BY) — K7 H(B)
for any f(rg, vk, nk) € M(’;v (B,gp; R, ) are continuous for all s € R. Moreover,

x
we have natural inclusions K7 (B") < K7 (B") for s’ > 0, since

M5 (B,gg;R%, ) C MG (B,gp; RE, )

Tk Nk

Jor ' > p, 9’5 = (75,7 — 1, 0;). Then (2.38) can be applied for p <0, p/ = 0.

The continuity (2.38) for s = 0, 4 = 0 is stated in Theorem 2.5. That means
A= (R*)7YAR™® : K" =5(B") — K%7(B") has the form Op}jfs*bﬂ(fo)(nk)
for some fo(rg, vk, nK) € M(I;vk (B,gp;Rir, ) is continuous. Therefore, using Defi-

nition 2.8 we obtain the asserted continuity of A, cf. relations (1.17), (1.18) which
are valid for arbitrary k.

For any e € R we set
K573 ¢(BM) i= [rp] K7 (B™)
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or, equivalently,
(2.39) KCs€(BY) = rp cCsP e (B,
Remark 2.13. We have

K57€(BN) = R™SK0—5¢(BM).

In fact, since Definition 2.8 is valid for R~° and all weights + varying in finite
weight strips of prescribed finite widths we can form R=%(r, *K%87+e(BN)) =
i CR™*K%Fmte(BN) where R™* is order reducing with a shifted Mellin symbol,
cf. analogously Theorem 1.3 (iv). Thus it suffices to apply Corollary 2.11.

Theorem 2.14. For every s’ > s, v >~ (component wise) and ¢/ > e we have a
continuous embedding

(2.40) Le t K¥5 (B < K575 (BY),
and (2.40) is compact for s' > s, v >, ¢ >e.
Proof. We have
,Cs',y’;e’(B/\) _ R—s'lco,ny’—s';e/(B/\)7 ’Cs,'y;e(B/\) _ R—SKO,v—s;e(B/\)
and thus
o' (B") = R—S(RSR—S'),CO,W’—S';&(BA) — psje(s=8) =8 —(s=s")se’ (B")
Because of the continuous/compact embedding
Lo : ’C—(s—s/),'y/—s;e'(B/\) o K:O,'y—s;e(B/\)
it follows that
Ly : R—s,c—(s—s’),'y'—s;e'(B/\) AN R—SK:O,'y—s;e(B/\)
is continuous/compact, as claimed. Note that in the latter conclusion we in-

ductively employed continuous/compact embeddings H*#'(B) — H*#(B) for
s’ >s,9 >~and s > s, 8 > 3, respectively. O

The spaces k%77 (B") are Hilbert spaces with group action x = {Ks}ser, for
(1.30), since x acts on K%7=%(B"), and the shape of R~ shows how  acts on
K%7=%(B"). We can define associated wedge spaces

Ws(Rq"‘,ICS’W(BA))

and according to (2.9) establish analysis on the next singularity level, e.g., form
spaces H*7 (M) for any M € 9y, near si(M) modeled on B4 xR% for B € M.
Theorem 2.15. An operator A € L*(M, g) for M € My, induces continuous oper-
ators

(2.41) A s H¥Y (M) — HS PR (M)

foralls € R and vy = (71,...,7k) involved in g. If 0;(A) =0 for j =0,...,k then
(2.41) is compact.
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Proof. The spaces H®*7(M) are defined in an analogous manner as (2.9) and
L*(M, g) locally near si(M) consists of all Op,, (a) for a(yx,nx) € RF(R* x
R g), cf. Definition 2.1. Because of

RF(R™ x R%* g) C SH(R%* x R%*;C*>7(B"), K57~ H(B")).
This entails the continuity of
Op,, (a) : WE(R, K57 (B)) — WSTH(RI CS™HT=H(BM))

which is the main contribution to the continuity of (2.41). The contribution from
the “int”-part of A is known by the iterative step before. O

2.4. The Calculus for Singular Cones

Operators on singular cones are an aspect of the edge symbolic calculus, analo-
gously as operators on the half-axis normal to a boundary appearing as boundary
symbols in boundary value problems. On singular spaces M € 9y in general for
convenience we assumed that M is compact. However, the symbolic structure of
operators living on M requires considering infinite cones B® for B € 9,1 which
have difficult conical exits to infinity. Therefore, we establish here as a tool the
parameter-dependend operator classes

(2.42) L*(B",g; R\ {0})

living on an open stretched cone B" for a B € M;_1. It would be more conse-
quent to write L*(B”,g;R?) rather than (2.42) but our notation points out the
specific aspect of interpreting rx — oo as a conical exit to oo which may contribute
additional exit symbols. However, we first concentrate on asymptotic effects and
Green and Mellin operators with meromorphic Mellin symbols. Later on in this
subsection we comment the nature of operators on the infinite cone from the point
of view of other interesting aspects.

Weight data g := (7, vi—p, ©;)i=1,... x for weight intervals ©; = (—(9;+1),0], 9, €
N, in the case B =: X € 9y only consist of one component; before we often
wrote (3 rather than ;. Let us start the consideration with Green operators and
Mellin operators with asymptotics. First we establish discrete asymptotic types
and singular functions. A discrete asymptotic type associated with weight data

(o, ©®) and dimension b := dim B, for a weight « € R and a weight interval
O =(—(¥+4+1),0] for a ¥ € NU {00} is a sequence
(243) P = {(pj,mj)}jzl,m,]v CcCxN

such that wcP = {pj}jzlw’N is finite if 9 is finite, otherwise Rep; — oo for
j — oo and

mcPC{veC:(b+1)/2—a+9d<Rev<(b+1)/2—a)}.
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Definition 2.16. The space of singular functions Eg p, (B") over B", B € My,_1,
for a finite asymptotic type Py associated with the weight data (v, ©) is defined
as the set

N my

(2.44) Eop, (B") :== {wg Z chlr,;pj log'ry, : cj1 € Hg’ﬂ(B)},
§=01=0
where wy = wg(rk) is a cut-off function and Q := (Qy,...,Qk_1) is a tuple of

asymptotic types with Q; being associated with the weight data (v;, ©;), j =
1. k—1.

Definition 2.16 is inductive, and for k¥ = 1 and X” instead of B" for X € My

we recover the case treated in [53] or [56]. The spaces Eg p, (B") are Fréchet in a

natural way, and similarly as for kK = 1 we can form the spaces

(245) K (BY) == lim K% =(B") N KG" ((2B))](B\arr(B))"
0<e<Vr+1

as well as the non-direct sum

(2.46) K (BY) == KEg (B") + Eg.p, (BM).

In future we apply again notation v = (3, vx) and we write P rather than (Q, Py),

and we also form the spaces K37°(B") = [ry]| °K37(B") for any e € R. The

spaces Hy #(B) occurring in (2.44) are also defined in an iterative manner, using

ws (Rq’“*,ICBB (C™)), where B is locally near s_1(B) modeled on C* x R%-1 for

some C' € NMy_o.

Definition 2.17. An element g(yx,nx) € Sh(R% x R%; K7 (B"), K*7~#(B")) is
called a Green symbol if

(2.47) 9y, M) € SH(RI™ x R¥; K7¢(BY), K577 (B)),

(2.48) 9 (Y, M) € SR x RQk;ICS’_""““(BA),IC?’_A“OO(B/\))
for all 5, e € R, where “g*” indicates the K%°(B")-adjoint of g, and P = (P)g=1..._,
S = (8)k=1,... .k, are asymptotic types depending on g.

Remark 2.18. By definition Green symbols exist on every singular level, in par-
ticular, for k — 1, and we can formally replace the covariable ng by (ng, (). As
such they generate the operator class Ly (B, g;R%) C L*(B, g;R?) with notation
as in Subsection 1.5. If we drop (yr,mx) at all, then instead of Green symbols as
in Definition 2.17 we simply obtain parameter-dependent operators

(2.49) G(C) : K*7¢(B") — K57 1%(B"),
(2.50) G*(¢) : K*M¢(BN) — K37 H°(BM).
Those furnish the subclass

LE(BY, g R\ {0}) € L*(B", g;R?\ {0})

of Green operators on the singular cone B™.
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Let us now define other subclasses, called smoothing Mellin plus Green operators.
Those are also important both over B as well as over B”. Let us first give a
definition of asymptotic types for smoothing Mellin symbols. Such an asymptotic
type is a sequence

R = {(’/’j,nj)}jez CCxN
such that m¢R := {(r;)} ez intersects every strip {v € C: ¢ < Rewv < ¢’} for finite
¢ < ¢ in a finite set of points.

Definition 2.19. By M;>°(B, gp) we denote the set of all
f € A(C\7cR,L™>(B,gp))

which are meromorphic with poles at the points of m¢R of multiplicity n; +1 and
Laurent coefficients of finite rank belonging to L=°°(B, gg). In addition it is re-
quired that for every m¢R -excision function x we have x f|r, € S(T'x, L~>°(B,gp))
for every A, uniformly for compact A-intervals.

Smoothing Mellin operators associated with the weight interval (—(d9% + 1), 0] for
J1 € N on the singularity level & € N are written in the form

s
(2.51) M :=r P Z Z riOpX}’jaib/Q(fja)Co‘wfc’c
J=0la|<j
for wg ¢ (%) = wr(rgl¢]) with wy being an excision function, arbitrary f;q(vg) €
Mﬁjoz (B, gg) for Mellin asymptotic types R, and weights
Ve = J < Vhja <k such that  Rjo NT(p41y/2 — Yrja = 0.

By L, (B",g; R4\ {0}) c L¥(B",g; R%\ {0}) we denote the space of all oper-
ators M + G for arbitrary M of the form (2.51) and G € Lf,(B”, g;R?\ {0}). By
modifying notation in (2.51) we obtain operator-valued symbols

U
— j ja—b/2 a
(2.52) MY, k) =1y Whm > Y 1ODL P (Fja) W )nEWh e
J=0la|<j
for arbitrary fjq (yk,vi) € C"’O(Qk,Mﬁfj(B,gB)), O C R% open. Symbols (m +
9)(yr,ni) form a subspace Ry, o(R%* x R%, g) C R*(y, x R%*,g) constituting
the subclass
Ly (M, g;RY)  LM(M, g;RY)
of smoothing Mellin plus Green operators in the calculus over M € 9t;,. Operators
of the latter class play a similar role as those in the lower singular calculus, cf.
[53] or [56], and they have similar properties. For M = Op,, (m), m(yx,nx) as in
(2.52) we define
- j io—b/2 o
k(M) (i) = 7"k g D D TROPR T (f0) (U IR

J=0 |a|=j

for wkﬁm‘(rk) = wi(rg|nk|), ete.
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The operator space (2.42) with parameter ¢ € R%\ {0}) is defined as the set of all
operator families

(2.53) A(Q) = H(Q) + (M + G)(¢) + C(¢)
for (M + G)(C) € L&, o(B",g; R\ {0}) and
(2.54) H(C) = r;"0pps " (h)(Q)

for arbitrary h(rg,vg, () € Mgvk (B,gB;Rfka).

Theorem 2.20. Operators A((C) in (2.42) induce continuous operators

(2.55) A(Q) : K¥7(B") — K57~ H(B")
and
(2.56) A+ (M +G) () : IC;,’"’(BA) — ICSQ_“’"’_“(BA)

for every P with some resulting Q.

Proof. The continuity of A(¢) in (2.55) is a consequence of the defintion of spaces
K57 (B"), cf. Definition 2.8. The continuity of G(¢) in (2.55), more precisely, of

G(¢) : K¥YV(B") — K7 ~#(B")

is part of the definition of Green operators, and the continuity of M (¢) in (2.55), in
fact, M(¢) : K5V (B") — K°7~#(B") can be reduced to order zero by composing
with reductions of orders that are involved in Definition 2.8. The order reductions
preserve smoothing Mellin plus Green operators, and the result for s = 0 is a sim-
ple consequence. The claimed continuity of A(¢) in (2.56) in spaces ICQQﬂ ar(B")
is a consequence of the former continuity on the flat spaces on the right-hand
side of (2.45) combined with commutation of powers of 75 through the Mellin ac-
tion, see relation (2.39) and the higher analogue of Theorem 1.3 (iv). Moreover,
singular functions in (2.44) are mapped via the Mellin transform to meromor-
phic functions with HJ’ #(B)-valued Laurent coefficients. The multiplication by
holomorphic Mellin symbols involved in A({) gives us again such meromorphic
functions. Subsequent application of the inverse Mellin transform gives us back
such asymptotic terms in rj, except for the cut-off factor. However, decomposing
the identity into oy, + (1 —oy) the summand containing oy, is of the type of a singu-
lar function, while the summand with (1 — o) just belongs to (2.45) for s = —oo.
Thus the continuity of A(¢) in (2.46) is verified. For G(¢) the claimed continuity
is clear by definition, while for M (¢) we can argue for each summand separately.
The arguments are the analogous as for A(¢) in (2.46). O

2.5. Operators of Third Singularity Order

Let us now analyze the structure of operators in M € 9, for k = 3,

(2.57) M = Blﬁ—l x R 3 (rk,xk—l,yk), By_1 € Mp_1.
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Here, in abuse of notation, we write coordinates in stretched form, i.e., from B} | x
R -1 We successively assume

Bi_1:= B 5 x R™*1 5 (rp_1,2r—2,Yr—1), Br—2 € Mo,
Bi_g:= B 3 x R%*=2 5 (rp_9,2r-3,Yr—2), Br—3 € M3,
etc. The end of the iteration is given by the space
B, = X2 xR™ 5 (rl,xo,yl), X eMy

for xg =: z € X, and X compact.

Similarly as for corner-degenerate differential operators of Subsection 2.1 where
k =2, for any D € L*(M, g,,) we first have the principal symbol of k-th order

(2.58) ok (D) Yk 1k )-

But then, for the lower order principal symbols, we look at the configuration off
ri = 0 such that (rg,yx) € Ry, X R% become additional edge-variables. Thus,
(2.59) k-1 (D)(Ths Yk—1, Yk Ph» Mh—15 Mk )-
In this case pj, has the meaning of the Fourier covariable of the edge coordinate r; €
Ry . In other words, not (yx—1,7nk—1) form variables and covariables on the edge
of order k — 1 but (&, Yx—1, Y&, Pk, Mk—1, Mk). In a similar manner, not (yr—j, Nk—;)
for j > 1 are variables and covariables of the edge of order k — j, but variables and
covariables in
(2.60)
Ok (D) ((Tk—jit1, Yh—j+1)s - -+ (Tk—1,Yk—1)s Tk, Yk

(=1, Me—jt1)s - -5 (Pk—1,T—1), Py Tlk)-

At the end of the iteration it follows that
GO(D)((T17x7y1)a cee a(rk—ja yk—j)v ceey (Tk—lvyk—l)vyka (p17§a nl)a ceey

(Ph—js Me—3)s -+ s (P—1, Mk —1)5 k) -
AQ) =" OpR (M) for h(r,vp, Q) € ME, (B, ggi Ry, o).

We now consider a pseudo-differential example of operators in L*(B", g, Rg) for,
say, B € My; then B2 € M3. We consider the case d := g3, ¢ := n3 and

(2.61)

A

B xR® = ((Bf x R")" x qu)A X R%.
The operators D3 € L*(B* x R% g) have third order edge symbols of the form
(2.62) Az = r;”OpE;b2/2(ho)(y3,n3)
with r3* being regarded as part of the operation
Az K®74(B") — K5~ H4H(BM).

For convenience we consider operators

(2.63) Dy := 30, {oar5 " Op3y "% (f5) (ys, 1) % } 04,
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for by := dim By +1+¢; and B” with (third order) edge R% > ys3, where @3, ¢ €
CP(R), p3 < ¢4, and o3, o4 are cut-off functions on the Ry ., half-axis, o3 < o%.

MOI‘QOVGI‘, f(r37y3av3,n3) = f(r3ay3»v37ﬁ3)|f]3:7“31737 f(r37y3vv3aﬁ3) € COO(R-"- X
R%, M{(B,gg;RE)), and

ho(r3,y3,v3,m3) = f(0,y3,v3,73m3).

The absence of cut-off functions in (2.62) is explained by the structure of edge
symbols where ( plays the role of the edge covariable n3 # 0 and the first r3 in f
is frozen at zero. Similarly as in Section 1 we have twisted homogeneity

(2.64) A(omz) = 6" ks A(nz)rs ' for 6 € Ry.
Observe that for cut-off functions ws < w} in 73 the operator families
w3A(mz)(1 —w3) and (1 —w;y)A(ns)ws

are homogeneous Green symbols. Recall that in the definition of Kegel spaces we
imposed a specific ellipticity which is not typical for our Mellin symbols in general.
But we want to illustrate the iterative structure and the higher corner-degenerate
behaviour. The position of lower order degenerate Mellin symbols within h is as
follows. We can apply the principle of sleeping parameters which are successively
wakened to induce higher singular operators. Let us assume in our example that

f3(7"37y3,03,773)

consists of parameter-dependent operators of the form

(2.65) 20Dy, {23 Op1; "2 (£2) (y2,m2)05 } 05,

for

(2.66) fa(ra, Y2, v2,m2) = fa(ra, Y2, V2, 72) [fy=rams
(267) fQ(TQ, Y2, V2, 77]2) € COO(E+ X R(Dﬂ Mgvz (Bh g1, R%i))

where @9, ¢h € C(R?), p2 < ¢, and o9, 04 are cut off functions on the Ry ,,
half-axis, o9 < o}. Moreover, we assume that

f2(7“2,y2,v27772)

consists of parameter-dependent operators of the form

(2.68) 00D, 910D, {o1r " Op}; " (f1) (w1, m)ot b ep
for
(269) fl(rla (ﬂ,f, Y1, 1, 771) = .];1(7"17 X, 57 Y1,V1, ﬁ1)|ﬁ127’1771

(2.70) fi(ri,y1,01,7) € C®(Ry % R‘“,Méévl (X5RE))
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where 1, @] € CP(R™), @, vy € CS(R™) for n = dim X, @1 < ¢}, o < ¥},
and o1, o] are cut-off functions on the R, ,, half-axis, o1 < of. Then it follows
altogether

_ —n/2 — —by /2
Ds = ¢o0p,010py, {o1r1 " Opy; " *20p,, {or; " Opy; "

y3—b2/2

(2.71) -
30Dy, {33 “Opyy "7 (m3) ol }os ohor el eg

for the corner-degenerate Mellin-Fourier-symbol

m .= m(T17T2»T3,$»ylay2,y37§a1)177‘111277”17’20377”177177”17”2772,7’17“27“3773)a

where v; in the simplest case stands for ip; in the complex v;-plane, corresponding
to weights ~; = 0 for all 4.

More general examples of elements in M5 (B, g 85 Rg’;nk), also for higher k£ are ob-
tained together with kernel cut-offs as sums of expressions of the above-mentioned
kind, when the functions ¢; vary over a partition of unity on s;(B) and ¢} > ¢;
are smooth functions of compact support. By admitting extra parameters ¢; of the
same degenerate behaviour as 7y, and also for the involved lower singular levels,
the emerging functions h(tg, 7k, vk, Nk) induce families of continuous operators

(2.72) Wk, Ty Vi, ) © HYP(B) — H~HF~1(B).

Then

(2.73) (D7 h) (i iy Ok i) 211508 (B) 1518 -0(BY) < CalTie) ™™

for every m € N. If we briefly set H := H*#(B), H := H**#~#(B) we obtain
(2.74) SHO(R, x R; H, H)

which is a space of operator-valued symbols with interior order p and exit order 0
for r — oo. Here R is the space of covariables and can be interpreted as a parallel
to the imaginary axis I'y in the complex plane. On the level of principal symbols
with respect to p € R we may interprete I'y as I'y, for any real \o, as a consequence
of the holomorphy of Mellin symbols in v; and Cauchy’s theorem. Observe that if
h(r, p) belongs to (2.74) then

DD h(r, p) € SPT™ (R x Ry H, H).

Also the mapping properties of operators in L(H, H ) becomes better under differ-
entiation, e.g., the resulting operators become compact for m > 0,n > 0.

HY(M,E) Hs "7~ H(M,F)

A K

(2.75) A= <T Q) : & — @

H*(Y, J) H*71(Y,G)

The motivation of such operator block matrices comes from elliptic theory. As-
suming that A is og-elliptic, i.e., that

oo(4) : m*E - 7" F
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for m : T*(so(M)) \ 0 = so(M) is an isomorphism and also the reduced symbol
close to Y in the local splitting of variables (r, x, y) with covariables (p, £, n) defined

by &O(A)(T7I7y7p7£777) = T#JO(A)(’HIvyarilf%&vriln)
&O(A)(Ta 33,?47[)75’ 77) : E(r,a:,y) — F(r,z,y)
for all (p,&,m) # 0, up to r = 0.
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