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1. INTRODUCTION

We shall develop a theory of multi-pointed non-commutative deformations of a simple
collection in an abelian category. A simple collection is a finite set of objects such that each
object has no endomorphisms except dilations and there are no nonzero homomorphisms
between objects. We note that the objects in a simple collection are not necessarily simple
objects. The commutative deformations of several objects are just the direct product
of deformations of each objects, but there are interactions of objects in the case of non-
commutative deformations. We shall prove that any iterated non-trivial extensions between
the given objects yields a non-commutative deformation in the case of a simple collection,
and we obtain a versal deformation in this way. As applications, we will construct relative
exceptional objects and relative spherical objects in some special cases.

The deformation theory has non-commutative versions in two directions, non-commutative
fibers and non-commutative base. We consider the latter case. The point is that there are
more non-commutative deformations of commutative objects than the commutative defor-
mations as proved in a paper by Donovan and Wemyss [4]. They discovered an interesting
application of the theory of non-commutative deformations to the theory of three dimen-
sional algebraic varieties. They provided a better understanding of the mysterious analytic
neighborhood of a flopping curve on a threefold by investigating non-commutative defor-
mations of the flopping curve. The invariants defined by them are found to be related to
Gopakumar-Vafa invariants and Donaldson-Thomas invariants ([11]). This paper is mo-
tivated by their works. Moreover we consider systematically multi-pointed deformations,
i.e., non-commutative deformations of several objects.

The theory of deformations over a non-commutative base is developed by Laudal [7]. The
definition of non-commutative deformations is very similar to the commutative deforma-
tions, but only the parameter algebra is not necessarily commutative. A non-commutative
Artin semi-local algebra with nilpotent Jacobson radical is not necessarily a direct prod-
uct of Artin local algebras. By this reason, we need to consider several maximal ideals
simultaneously.

The infinitesimal extensions of a deformation and the obstruction theory is similarly de-
scribed by cohomology groups as in [8], and there exists a versal family of non-commutative
deformations under some mild conditions. But there are much more non-commutative de-
formations than the commutative ones. For example, unobstructed deformations in the
commutative case can be obstructed in the non-commutative sense.
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Let k be a field, A a k-linear abelian category, r a positive integer, and F; (1 < i <)
objects in A. The set {F;} is said to be a simple collection if dim Hom(F;, F}) = 0;;. We
define non-commutative deformations of the collection {F;} as iterated non-trivial mutual
extensions of the F;. We shall prove that the non-commutative deformations behave very
nicely under the condition of simplicity.

In §2, we define a multi-pointed non-commutative deformation of a collection of objects.
In §3, we treat non-commutative deformations of objects as their iterated extensions. First
theorem states that, for any two sequences of iterated non-trivial extensions of a simple
collection, there exists a third sequence of iterated non-trivial extensions which dominates
others (Theorem 3.3). In particular, if the extensions terminate, then there exists a unique
versal deformation.

In the second theorem in §4, we prove the converse that arbitrary sequence of iterated
non-trivial extensions of a simple collection can be regarded as a non-commutative de-
formation. The points is that the base ring of the deformation is recovered as the ring
of endomorphisms. For this purpose, we consider a tower of universal extensions of a
simple collection, and we prove that the flatness of the extension over the ring of endo-
morphisms. In this way we construct a versal multi-pointed non-commutative deformation
(Theorem 4.8).

As applications we construct relative multi-pointed exceptional objects and relative
multi-pointed spherical objects in some special cases in §5 and §6. A relative multi-pointed
exceptional object yields a semi-orthogonal decomposition of a triangulated category, and
a relative multi-pointed spherical object a twist functor. In the case of a local Calabi-Yau
threefold, we shall prove that a versal non-commutative deformation of a simple collection
becomes a relative spherical object if the deformations stop after a finite number of steps.

We shall use the abbreviation “NC” for non-commutative, or more precisely, not neces-
sarily commutative in the rest of the paper.

The author would like to thank Yukinobu Toda and Alexei Bondal for useful discussions
on the subject. This work was partly done while the author stayed at National Taiwan
University. The author would like to thank Professor Jungkai Chen and National Center
for Theoretical Sciences of Taiwan of the hospitality and excellent working condition.

2. DEFINITION OF r-POINTED NC DEFORMATIONS

We give a definition of multi-pointed NC deformations. It is modified from [7] in order
to adapt to our situation of deformations of sheaves. It seems that our treatment is also
different from [5], because our definition works well only in the case of simple collections.
See also [2].

We would like to consider infinitesimal deformations of r coherent sheaves on a variety
at the same time for a positive integer r. If we consider only commutative deformations of
these sheaves, then they deform independently. But NC deformations reflect interactions
among the sheaves.

First we define the category of base rings of deformations according to [7]:
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Definition 2.1. Let k be a base field, let r be a positive integer, and let k" be the direct
product ring. An r-pointed k-algebra R is an associative ring endowed with k-algebra
homomorphisms

kK" — R — k"
whose composition is the identity homomorphism.

Let e; be the idempotents of R corresponding to the vectors (0,...,0,1,0,...,0) € k"
for 1 <4 < r, where 1 is at the i-th place. We have 22:1 e;j =1, e;e; = ¢; and e;ej = 0 for
i # j. Let Rj; = e;Rej C R. Then R = @:,Fl R;;, and R can be considered as a matrix
algebra (R;;) such that the R;; are k-vector spaces and the multiplication in R is given by
k-linear homomorphisms R;; ®p Rji — Ri.

Let M; be the kernels of the surjective algebra homomorphisms R — k" — k for 1 <i <
r, where the second homomorphisms are i-th projections. These are maximal ideals and
the R/M; are simple two-sided R-modules. Let M = [ M;.

Definition 2.2. We define (Art,) to be the category of r-pointed k-algebras R such that
dimy R < oo and M is nilpotent.

If R € (Art,.), then any simple right R-module is isomorphic to some R/M;.

Definition 2.3. Let A be a k-linear abelian category. A set of objects {F;}i_; in A
is said to be a collection in this paper. Let F' = € F;. An r-pointed NC deformation
of the collection {F;} over R € (Art,) is a pair (Fg,¢) consisting of an object Fr of
A which has a flat left R-module structure and an isomorphism ¢ : R/M ®pr Fp = F
inducing isomorphisms R/M; @ Fr = F; for all i. The r-pointed NC' deformation functor
Defy,y @ (Art,) — (Set) of {F;} is defined to be a covariant functor which sends R to the
set of isomorphism classes of r-pointed NC deformations of {F;} over R.

For example, A = (coh(X)), the category of coherent sheaves on an algebraic variety X
defined over k.

Remark 2.4. (1) There is a hull R for the functor Defyf,y under suitable conditions ([7]).

If » = 1, then the maximal commutative quotient (R),, coincides with the hull of the
usual commutative deformation functor. R is determined by Ext!(F, F) and the Massey
products (Ext!(F, F))®™ — Ext?(F, F) for m > 2 ([7]). We shall not use these facts.

(2) NC deformations exist only over local base by definition. But Kapranov and Toda
constructed globalization of NC deformations in the commutative direction ([12]).

3. ITERATED NON-TRIVIAL EXTENSIONS

We shall define the notion of a simple collection and consider its iterated non-trivial
extensions. A simple collection behave well under iterated extensions.

Definition 3.1. Let A be a k-linear abelian category, and let r be a positive integer. A
collection {F;}7_; in A is said to be a simple collection if dim Hom(F;, Fj) = 0;;.
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If A is a category of coherent sheaves on a variety, then a member of a simple collection
is usually called a simple sheaf. This is the origin of the term “simple”. But we note that
a simple sheaf is not necessary a simple object in the abelian category of sheaves.

We consider iterated non-trivial extensions of a simple collection {F;}I_;.

Definition 3.2. A sequence of iterated non-trivial extensions of the simple collection
{Fi};_, is a sequence of objects {G"}o<p<n for a positive integer N with decomposi-
tions G = @)_, G? such that GY = F;, and for each 0 < n < N, there are i = i(n) and
j = j(n) such that

0= F =Gt =G0

is an extension corresponding to a non-zero element of Extl(G?, F;), and GZH = G} for
i # .
We prove that any two iterated non-trivial extensions are dominated by a third:

Theorem 3.3. Let {F;} be a simple collection, and let G be an object. Let 0 — F;, —
Gj — G — 0 for j = 0,1 be two non-trivial extensions which are not isomorphic. Then
there exists a common object H with non-trivial extensions 0 — Fz'l,j — H — G; —0.

Proof. Let &; € Ext!(G, F; ;) be non-zero elements corresponding to the given extensions.
We consider exact sequences

Hom(F;, ,,F,,) = Ext'(G, F;,) — Ext'(G1_;, F},)

1-5

derived from &;_;. Let f} € Extl(Gl_j,Fij) be the images of {; by the second homo-
morphism. We claim that 5; # 0. Indeed if ig # i1, then the first term vanishes, hence
f} # 0. If ig = 41, then the image of the first homomorphism is generated by &§;_;, hence
the image of §; by the second homomorphism is non-zero because the two extensions are
not isomorphic.

We have a commutative diagram

0 F, H G1 0
0 F, Go G 0
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where the two horizontal short exact sequences correspond to & and &. They are com-
mutative by the construction of &). By 9-lemma, we obtain the two vertical short exact
sequences, which correspond to &] and &. Therefore we have constructed a common non-
trivial extension H. O

The maximal iterated non-trivial extension is unique if it exists:

Corollary 3.4. Let {G"}o<n<n and {H™ }o<m<m be two sequences of iterated non-trivial
extensions of a simple collection {F;}. Assume that Ext'(GN,F;) = Ext'(HM, F;) = 0 for
all i. Then GN = HM.

Remark 3.5. (1) The above theorem is the reason why our theory works well only for simple
collections.

(2) The sheaf G¥ in the above corollary is the versal r-pointed NC deformation of the
simple collection {F;} as proved in the next section.

We shall need the following in the next section:

Lemma 3.6. Let {G"} with G™ = @, G} be a sequence of iterated non-trivial extensions
of a simple collection {F;}. Then dim Hom(G?}, Fj) = 6;; for all i, j,n.

Proof. We proceed by induction on n. If n = 0, then the assertion is true by the assumption
of the simplicity. Suppose that we have an exact sequence

0= F; — G =GP —o0.
Then we have a long exact sequence
0 — Hom(G?, F},) — Hom(GI'*!, Fy) — Hom(Fj, Fy,) — Ext' (G}, Fy)

for any k. If k # j, then the third term vanishes, hence the first arrow is bijective. If
k = 7, then the last arrow is injective because the extension is non-trivial. Therefore the
first arrow is bijective again. Hence we conclude the proof. O

4. ITERATED UNIVERSAL EXTENSIONS

We shall construct a sequence of universal extensions of a simple collection {F;} under
the assumption that dim Extl(F , ') < oo, and prove the existence of a versal r-pointed
NC deformation.

Proposition 4.1. Let {F;}/_, be a simple collection, let F = @,_, F; be the sum of the
collection, and set F = FO) and F; = FZ-(O). Assume that dim Ext' (F, F) < co. Then there

exists a sequence of universal extensions F(") = 4> Fi(n) given by

0— P Bt (F™, Fy) 0 F; — F™Y 5 F 0
j

for each ©, which is also obtained by sequence of iterated non-trivial extensions of the
collection {F;}.
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Proof. We note that we have dim Ext!(F i(n), F}) < oo for all 4, j, n under the assumption. In
general, given an object G € A and j such that dim Ext*(G, F. ’j) < 00, a natural morphism
G — Ext}(G, F;)* ® Fj[1] in the derived category D(A) yields a universal extension

0 — Ext'(G,F})*® F; - G; — G — 0.
For j' # j, we have a commutative diagram

G; —— Ext}(Gy, Fy)* ® Fy[l]

| |
G —— EX‘Dl(G7 Fj/)* & Fj/[l].

Hence a commutative diagram of extensions

0 —— Extl(Gj,F}/)*(@Fj/ G;’,j’ Gj — 0
0 —— Eth(G,Fj/)*(X)Fj/ GjJ'/ Gj — 0.

Since Hom(F}, Fj) = 0, we have an exact sequence
0 — Ext!(G, Fj)) — Ext'(Gy, Fjr) — Ext'(G, F}) ® Ext!(Fj, Fj).

The injectivity of the first homomorphism implies that the second line of the above com-
mutative diagram of extensions has no trivial factor which partly splits the extension.
Moreover since the image of the first arrow is contained in the kernel of the second arrow,
the first row of the following commutative diagram splits:

0 0

0 —— Ext'(G,Fj)*® Fjy —— Ker(a) —— Ext!(G,F;)*®@ F; —— 0

|

0 —— Eth(G,Fj/)*(XJFj/ —_ Gj,j’ —_— G]‘ — 0
G — G
0 0

Therefore we have a universal extension:
0 — (Ext!(G, F})* ® F}) @ (Ext' (G, Fj))* ® Fj)) — G0 — G — 0.

By repeating the above argument for all j/, we obtain the desired universal extension. [J
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Definition 4.2. We define a filtration of F(® by GP(F(™) = Ker(F" — F®-1) for
0 <p<n+1. Wehave GO(F™) = F® and G (F™) = 0.

Let Endg(F(™) be the ring of endomorphisms of the object F(™) which preserve the
filtration {GP}.
Lemma 4.3. The natural ring homomorphism Endg(F™*tV)) — Endg(F™) is surjective.

Proof. Since we only consider endomorphisms preserving the filtration, there is certainly
a natural ring homomorphism. For any element f € Endg(F (™), we have a commutative
diagram in the derived category D(A):

Foth) —— F0) —— @ Ext'(F™, Fy)* @ Fj[1]

Fith) —— F) —— @ Ext' (F™, Fy)* @ Fj[1].
We obtain a lifting of f to Endg(F™!) by the axiom of a triangulated category. g

By Lemma 3.6, we have the following

Lemma 4.4. Letro =1 and rp41 = )_; dim Ext'(F™), F;) form > 0. Then dim Endg(F™) =
2 im=0Tm-
Proof. We have dim Endg(F(®)) = r. The kernel of the ring homomorphism Endg(F(m+1) —
Endg(F(™) is equal to Hom(F(m+1), @D, Ext!(F™) F;)* ® F}), whose dimension is equal
to 3, dim Ext!(F™) F}) = r,41. Therefore we conclude the proof. O
Lemma 4.5. dim End(F(™) < 3" rp,.
Proof. The assertion follows from Lemma 3.6 and exact sequences. g

Corollary 4.6. The natural inclusion Endg(F™) C End(F™) is bijective.

Let R = End(F®™) and RE;) = Hom(Fj(n), Fi(n)). Then we can write in a matrix form
as R™ = (R{). Let M™ = Ker(R™ — R©®) and M") = Ker(R™ — R© — k), where
the last arrow is the projection to the i-th factor.

Proposition 4.7. R™ ¢ (Art,).

Proof. There is a ring homomorphism R™ — R©) = k" The idempotent e; of R("™
coincides with the projection F(™ — Fi(n) C F™ to the i-th factor. This gives the k-
algebra structure of R™. We know already that dim R < oc.

We shall prove that M (™ is nilpotent by induction on n. M ) = 0. We assume that
(M™)™ = 0 for some m > 0, and consider M "+, By the assumption, (M +D)ym(Fr+1)y ¢
Gt (F D)) where GMH (F( D) = D, Ext!(F(™, F;)* ® Fj. There is an exact sequence

0 — Hom(F©, G (F(" D)) — Hom(F" ), G"H(F ) — Hom (G (F™ V), Gm T (FTD)),
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The first homomorphism is bijective, hence the second homomorphism is zero. It follows
that (M™+0)m(GH(F(H1)) = 0. Therefore (M 1)2m = 0. -

Theorem 4.8. (1) The above constructed F™ with a natural isomorphism ¢ : R™ /MM 5.
F() =~ F s an r-pointed NC deformation of the simple collection {F;} over the ring R(M.
(2) For any infinitesimal r-pointed deformation (Fr,¢) of {F;} over a ring R € (Art,),

~

there exist a positive integer n and a ring homomorphism g : R™ — R such that (Fr,¢) =
R ®pm) (F™ M) Moreover, the induced homomorphism dg : M™ /(M(™)2 — Mp/M3
18 uniquely determined.

Proof. (1) We only need to show that F( is flat over R(™. There are no simple R("-
modules other than the R(™) /Mz-(n), and any right R -module of finite type is an iterated

extension of simple modules. Hence it is sufficient to prove that Tor}%(m (R™/ Mi(")7 F)) =
0. By the construction, we have

Ker(Endg(F*™) — Ende(F*))) = Hom(F, P Ext'(F®), F))* ® F))
J

for 0 < k < n. Thus we have exact sequences of R(™-modules

0— @Extl(p(k)J:j)* ® R(”)/M](”) _ R+ _y pk) _y .
j

On the other hand, we have sequences of universal extensions

0 - PExt' (F® Fy)* @ Fy —» FED 5 FR) 0,
J

Since we have R(”)/M;n) ® pn) F(n) o F};, we conclude that R®) ® pn) F) =~ pk) and
Tor},,,, (R®, F(M) = 0 for all k.

(2) The assertion follows because any sequence of iterated non-trivial extensions is dom-
inated by F(™ for a large n. O

Remark 4.9. (1) The above argument gives an explicit construction of the pro-representable
hull, i.e., the versal r-pointed NC deformations, for a simple collection in a k-linear abelian
category A as the inverse limit of the F(").

(2) The presentation of the pro-representable hull by Massey products corresponds to
the following exact sequences

0 — Ext'(F"), 1) — @D Ext! (FM, F)) @ BExt! (F, Fy) — Ext®(F™, F,)
j

where we obtain inductively injective homomorphisms Ext!(F(™, F) — (Ext!(F, F))®"+D),

(3) The above defined versal family is not universal due to the non-commutativity of the
deformation rings. The deformation functor is pro-representable if the following condition
is satisfied: for any surjective ring homomorphism R — R/, the natural homomorphism
Autr(FRr) — Autg/(Fg/) for Fgpr = R’ ®p FR is surjective. Since Autg(Fgr) = R, it follows
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that Autr(FRr) coincides with the center Z(R) of R. Since Z(R) — Z(R') is not necessarily
surjective, there is no universal NC deformation of a simple collection in general.

5. 7-POINTED RELATIVE EXCEPTIONAL OBJECTS

Exceptional collections yield important examples of semi-orthogonal decompositions.
We extend the definition of an exceptional object to a relative version, and prove that it
also yields a semi-orthogonal decomposition.

We start with a lemma. We note that, if Fr is an r-pointed NC deformation of some
collection over R, then Hom(Fg,a) has a right R-module structure for any a € A.

Lemma 5.1. Let Fg be an r-pointed NC deformation of a simple collection {F;} over
R € (Art,). Then the following hold.

(1) R/IM; ®p Fr = F;, and Hom(Fg, F;) =2 R/M; as right R-modules for all i.

(2) Assume that dim Hom(F;, Fr) =1 for all i. Then there exists a permutation o of r
elements such that Hom(F;, Fr) = R/M,; as left R-modules for all i.

Proof. (1) Let f; € Hom(Fg, F;) be the natural projection. Then M; = {r € R | fir = 0}.
Therefore we have our claim.

(2) As left R-modules, we have Hom(F;, Fr) = R/M; for some j = j(i). Then we have
dim Hom(F;, Fr ) = d;,. On the other hand, for each k, there is at least one 7 such that
Hom(F;, Fr ) # 0. Therefore we have a one to one correspondence. ]

We denote by RHom(a,b) an object €, Hom(a, b[p])[—p| in D(k-mod).

Definition 5.2. Let {F;}/_; be a simple collection in the category of coherent sheaves
(coh(X)) on a smooth projective variety, and let Fr = @, Fr; be an r-pointed NC defor-
mation over R € (Art,). The pair (Fg, F') for F' = €, F; is said to be an r-pointed relative
exceptional object if RHom(Fg, F) =2 R/M as right R-modules.

We note that Hom(Fg;, Fr ;) may not vanish even though Hom(F;, Fj) = 0 for i # j.

Theorem 5.3. Let (Fg, F') be an r-pointed relative exceptional object over R. Then there
18 a semi-orthogonal decomposition

D*(coh(X)) = ((Fi)ia) ™" (Fi)iza)-

Proof. Let G : Db(coh(X)) — D’(coh(X)) be the functor given by a Fourier-Mukai kernel
Cone(Fj, X% Fp — Ax) on X x X. Then we have distinguished triangles

RHom(Fg,a) ®% Fr — a — G(a)

for all @ € D®(coh(X)).
Since Hom(FRr, Fr) = R, we obtain RHom(Fg, G(a)) = 0 by taking RHom(Fg, e) of the
above triangle. We shall prove that RHom(F;, G(a)) = 0 for all 7. Let

o> R% —» ... 5 R" - R* - R/M; — 0
be a free resolution of an R-module R/M;. Since Fp is flat, we have an exact sequence

o PR — s PRt 5 FRP — F; — 0.
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Let Gy = Im(F* — Fg'™'). Then we have Hom?(F};, G(a)) & Hom? *(Gy, G(a)). If we
take k — oo, we conclude that Hom?(F;,G(a)) = 0 for any p. Therefore we have our
assertion. 0

We note that similar statements hold for singular variety X if '} exists in D®(coh(X)),
or more generally for suitable k-linear abelian category and DG enhancement of its derived
category.

We consider some examples which yield relative exceptional objects.

Example 5.4. Let X be a singular quadric surface in P3 defined by an equation z1z» +x§ =
0.

Let P=[1:0:0:0] € X be a vertex. Then we have a projection p : X \ {P} — PL.
We denote by Ox(a) the reflexive hull of an invertible sheaf p*Opi(a) for any integer
a. Ox(2) is an invertible sheaf coming from a hyperplane section in P3, and we have
Ox(Kx) = Ox(—4). By the vanishing theorem, we have HP(X,Ox(a)) = 0 for p > 0 if
a> —3.

Let ' = Ox(—1). We define an extension 0 — F' — G — F — 0 by the following
commutative diagram:

0 —— Ox(-1) —— G@ —— Ox(-1) —— 0

- | !

0 —— Ox(-1) —— 0% —— Ox(1) —— 0

where the right vertical arrow is obtained from an inclusion Ox (—2) — Ox whose cokernel
is supported in the smooth locus. We note that G is a locally free sheaf, hence the extension
is non-trivial. Thus the dimension of the local extension at P is dim H(X, Ext!(F, F)) = 1.

We shall prove that there is no more non-trivial extension, and G is a versal 1-pointed NC
deformation of F. Since G is locally free, it is sufficient to prove that H(X, Hom(G, F)) =
0. We have an exact sequence

0— Ox — Hom (G, F) = Ox — Ext*(F,F) =0

Let H = Ker(Ox — Ext'(F,F)). Then we have H'(X,0x) = H'(X,H) = 0, hence
HY(X,Hom(G,F)) =0.

The base ring of the deformation G is R = k[t]/(t?), and G is a relative exceptional
object over R. Indeed, though X is singular, we have a similar argument as in the above
theorem because G is locally free.

Example 5.5. Let X be a singular quadric hypersurface in P* defined by an equation
129 + x3x4 = 0. It is a cone over P! x P1.

Let P=[1:0:0:0:0] € X be a vertex, and p : X \ {P} — P! x P! a projection.
We denote by Ox(a,b) the reflexive hull of an invertible sheaf p*Opiyp1i(a,b) for any
a,b. Ox(1,1) is an invertible sheaf coming from a hyperplane section in P*, and we have
Ox(Kx) = Ox(—3,-3). By the vanishing theorem, we have HP(X,Ox(a,b)) = 0 for
p>0ifa,b>—2.
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Let F; = Ox(0,—1) and F5 = Ox(—1,0). We define an extension 0 — F», — G; —
F; — 0 by the following commutative diagram:

0 —— Ox(—1,0) Gy Ox(0,-1) — 0
0 —— Ox(—1,0) 0% y Ox(1,00 —— 0

where the right vertical arrow is obtained from an inclusion Ox(—1,—1) - Ox. We note
that G is a locally free sheaf, hence the extension is non-trivial. In a similar way, we
construct an extension 0 — F} — Go — F5 — 0 with G4 locally free.

We shall prove that H'(X, Hom(G;, F;)) = 0 for all i, j. We have an exact sequence

0 — Ox(—1,1) = Hom(G1, Fy) = Ox — Ext' (F1, Fy) — 0.

We have dim H(X, Ext!(Fy, Fy)) = 1, and HY(X, Hom(G1, F2)) = 0 as in the above exam-
ple. On the other hand, the natural homomorphism Ox(1,0) ® Ox(0,—1) = Ox(1,—1) is
surjective. Hence Hom(Gq, F1) — Ox(1,—1) is also surjective, and H(X, Hom(G1, Fy)) =
0

G1 ® G4 is a versal 2-pointed NC deformation of F; & Fy over

[k Kkt 9
R_<kt k) mod ¢°.

G1 ® G4 is a 2-pointed relative exceptional object over R. We note that G; and G4 are
exceptional objects, but they do not form an exceptional collection, though there is a
semi-orthogonal decomposition with their right orthogonal complement.

Example 5.6. Let X = P(1,1,d) be the cone over a rational normal curve of degree d.
We have reflexive sheaves of rank one Ox(a) for integers a, and Ox(Kx) = Ox(—d — 2).

We consider NC deformations of a sheaf F' = Ox(—1).
Since dim H°(X,Ox(d — 1)) = d, we have an exact sequence

0— Ox(—1)¥1 -5 0% - Ox(d—1) = 0.
Let Z € |Ox(d)| be the smooth curve at infinity. Then we have an exact sequence
0—=0x(-1) > 0x(d—-1) = Oz(d—-1) — 0.

Since dim H(Z,0z(d — 1)) = d, there is a surjective homomorphism 0% — Oz(d — 1).
Let G be the kernel. Then G is a locally free sheaf of rank d on X. Thus we have the
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following commutative diagram

0 0
0 —— Ox(-1)41t —— G — Ox(-1) —— 0
0 — Ox(-1)¥&t —— 04  —— Ox(d—1) —— 0

where all sequences except the first horizontal sequence is exact. Therefore G is a NC
deformation of F' = Ox(—1):

0— Ox(—1)¥1 -G — 0x(-1) =0

over R = k[t1,...,tq_1]/(t1,...,tq_1)?, and dim H°(X,Ext*(F, F)) = d — 1. We have an
exact sequence

0 — Ox — Hom(G,F) — O%* — Ext'(F, F) — 0.

Hence H'(X,Hom(G,F)) = 0 as in the above example. Therefore G is a versal NC
deformation of F' = Ox(—1).

G is a relative exceptional object over R. D’(coh(X)) is generated by a relative excep-
tional collection (Ox(—d), G, Ox).

Example 5.7. Let X = P(1,2,3) be a weighted projective surface. X has two singu-
lar points P, which are Du Val singularities of types Aj, Ao, respectively. We have
Ox(Kx) = Ox(—6). We consider NC deformations of a reflexive sheaf of rank one
F =0x(-1).

In this example, the non-commutative deformations of F' do not terminate after finite
steps, though commutative deformations do.

Let us consider local extensions of I’ at the singular points. At the singular point of
type Aj, i.e., a quotient singularity of type %(1, 1), it is already known by the previous
example that the versal NC local deformations has the base ring k[s]/(s?).

We can calculate local extensions at a singularity of type As, i.e., a quotient singularity
of type 3(1,2), as follows. A cyclic group Z/(3) acts on k[z,y], and let A C k[z,y] be the
invariant subring. We may assume that the sheaf F' is represented by the ideal (z)NA C A.
There are exact sequences

0= (z)NA—Ad((yyNA) - (x)NA—=0
0= (z)NA—= A% (y))NA—0.
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Therefore the versal NC deformation of the ideal (z) N A at Q has the base ring k[t]/(t).
We prove that a sequence of iterated non-trivial extensions F;, of F' never become locally
free for any n by induction on n. If F}, is not locally free at P, then we take an extension

0—-F—>F,41—F,—0

which induces a non-trivial extension at P and a trivial extension at (). Then F, ;1 is not
locally free at (). The same argument works if we interchange P and ). Therefore we
proved our assertion.

Indeed we could prove that the versal NC deformation has a base ring k(s,t)/(s?,t%),
which is infinite dimensional, while its maximal abelian quotient k[s,t]/(s?,#3) is finite
dimensional.

If we consider 1-pointed NC deformations of reflexive shaves F» = Ox(—2) and Fj =
Ox(—3), then the results are better. Since F (resp. F3) is locally free at P (resp. @),
Fy (resp. F3) has a versal NC deformation Gy (resp. G3) over k[t]/(t3) (resp. k[s]/(s%))
which is a locally free sheaf of rank 3 (reap. 2). They are relative exceptional objects, and
there is a semi-orthogonal decomposition D?(coh(X)) = (G3, G2, Ox).

We could generalize the above in the following way. Let X = P(1,a,b) be a weighted
projective plane for coprime positive integers a,b with a < b. We consider 1-pointed NC
deformations of F, = Ox(—a) and F;, = Ox(—b). We could prove that there exist versal
deformations G, and Gy of F, and Fp, respectively, which are locally free and relative
exceptional objects. Moreover there is a semi-orthogonal decomposition D’(coh(X)) =

(Gy, Ga, Ox).

6. r-POINTED RELATIVE SPHERICAL OBJECTS ON CALABI-YAU THREEFOLDS

We define relative spherical objects after [9] and [1], and prove that a versal multi-pointed
NC deformation of a simple collection on a Calabi-Yau 3-fold yields a relative spherical
object if the deformation stops infinitesimally and if one more condition holds.

Definition 6.1. Let {F;}/_; be a simple collection of coherent sheaves on a smooth pro-
jective variety X, and let Fr = @, Fr,; be an r-pointed NC deformation of {F;} over
R € (Art,). The pair (Fg,F) for F = @;_, F; is said to be an r-pointed relative n-
spherical object over R if the following conditions are satisfied:

(1) There exists a permutation o of r elements such that RHom(Fg, F;) = R/M; ®
R/Mgy;)[—n] as right R-modules for all 4,

2) Fowyx = F.

More generally, for a triangulated category with a Serre functor S, the second condition
can be replaced by S(F') = Fn|.

Theorem 6.2. Let (Fg, F') be an r-pointed relative n-spherical object over R. Then there
is an autoequivalence Tr of D°(coh(X)), called a relative spherical twist, inducing distin-
guished triangles

RHom(Fr,a) ®% Fr — a — Tr(a)
for all a € D®(coh(X)).
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Proof. ([9]) The functor T is given by a Fourier-Mukai kernel Cone(Fj Kk Fr — Ax) on
X x X.

Since we have RHom(Fg, F;) = R/M; ® R/M,;[—n], it follows that Tp(F;) = F,;)[1 -
n]. There is a positive integer m such that ¢™ = Id. Therefore the homomorphisms
Hom(F;, Fj[p]) — Hom(Fy;), Fy(;)[p]) are bijective for all i, j, p.

On the other hand, if RHom(F;,a) = 0 for all ¢, then Tr(a) = a. Since the F; and such
a’s span D’(coh(X)), we conclude that the functor T is fully faithful.

Since FFQ wxy = F, we have F'r ® wx = Fr. Hence

Cone((Fj, @ wy) K% Fr — Ax ® pijwx) = Cone(Fi RE (Fr @ wyx) = Ax @ piwx).

It follows that STr = TrS for the Serre functor S of D?(coh(X)), and Tr is an equivalence
by [3]. O

Proposition 6.3. Let (Fgr, F) be an r-pointed relative spherical object over R. Then
R* = Homy (R, k) is a free right R-module of rank 1.

Proof. Since dim Hom(FRg, F;) = dim Hom(F;, Fr) = 1, we can define r; € R = Hom(FR, Fr)
as a composition of non-zero homomorphisms Fr — F; — Fgr up to a constant. Let ¢ € R*
be a homomorphism R — k such that ¢(r;) = 1 for all i.

We shall prove that ¢ generates R* as a right R-module. Let [ = {r € R | ¢r = 0} be
the annihilator ideal of ¢. If I # 0, then there exist ¢ and 0 # r € I such that M;r =0
for the i-th maximal ideal M; of R. We know that such non-zero r € R that M;r = 0 is
unique up to a constant for a fixed i, because dim Hom(F;, Fr) = 1. It follows that r = cr;
for 0 # ¢ € k. Then 0 = ¢r(1) = ¢(cr;) = ¢, a contradiction. Hence I = 0. O

Theorem 6.4. Let {F;}7_, be a simple collection of coherent sheaves on a smooth pro-
jective variety X of dimension 3 such that F @ wxy = F for F = @ F;. Assume that the
versal r-pointed NC' deformation Fr is obtained by a finite sequence of iterated non-trivial
extensions. Assume moreover that Hom(F;, Fr) # 0 for all i. Then (Fg, F) is relatively
3-spherical over R.

Proof. We have already that Hom'!(Fg, F;) = 0 for all 5. Then we have Hom!(Fr,G) = 0
for any extension G of the F;. We have an exact sequence

0—>F,—>Fr—G;—0
for some G; for each i. Thus
Hom!(Fg, G;) — Hom?(Fpg, F;) — Hom?(Fg, FR)

Since the last terms is dual to Hom!(Fg, Fr) = 0, we conclude that Hom?(Fg, F;) = 0.
Let m; be the number of appearances of F; in the iterated extension Fr. Then

Z m; = dim Hom(Fg, Fr) = dim Hom?(Fg, F)
7

= Z m; dim H01r113(FR7 F;) = z:mZ dim Hom(F;, Fr).

7 3
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Since Hom(F;, Fr) # 0 for all ¢, it follows that dim Hom(F;, Fr) = 1 for all i. Therefore
we have Hom?(Fg, F;) = 1 for all 4, and we conclude the proof. O

We consider some examples.

Example 6.5. Let f: X — Y be a projective birational morphism from a smooth variety
of dimension 3 to a normal variety such that Kx is relatively trivial and the exceptional
locus of f is 1-dimensional. In this case, Y has only terminal Gorenstein singularities. and
the irreducible components C; of the exceptional locus are smooth rational curves.

Let F; = O¢;(—1). Then {F;} is a simple collection. The derived dual F* = RHom(F;, Ox)
is isomorphic to F;[—2]. Indeed, since C is a locally complete intersection, F;[2] is a lo-
cally free sheaf on C. Since Rf,F; = 0, we have Rf,F; = 0 by the duality. Therefore
Fr = F[-2].

Let Fr be a versal multi-pointed NC deformation of F' = @ Fj. It follows that Fj[2] =
RHom(Fr,Ox)[2] is an iterated non-trivial extension of the {F;[—2]} with the reversed
order. By the maximality of F, we have F'5[2] = Fr. Therefore the additional assumption
of the above theorem is satisfied.

We note that there are many simple collections on X. For example, for any disjoint
subsets I; of the set of indexes, if we write D; = |J,¢ I Cy, then {Op, } is a simple collection.
If I; is the length of C;, i.e., the length of the scheme theoretic fiber over a singular point
of Y at the generic point of C;, then a set of fat fibers {Oy,c,} for some k; < [; is also a
simple collection.

Example 6.6. Let Y C k* be a hypersurface of dimension 3 defined by an equation
x129 + w3x4(23 + x4) = 0. Then there is a resolution of singularities f : X — Y as in
the preceding example. The exceptional locus of f consists of two smooth rational curves
Co, C1 meeting at a point P transversally. The normal bundles of the C; are isomorphic
to Op1(—1) @ Op1(—1). Let F; = O¢;(—1). Then {Fp, F1} is a simple collection.

We can calculate the versal 2-pointed NC deformation Fr = Fro @ Fg1 of {F;} as
follows. It is given by iterated non-trivial extensions

0—-F_;i—>G —F—0
O—)Fi—>FR7i—>Gi—>0

for i = 0,1, where G; are invertible sheaves on Cy U C of bidegree (—1,0) and (0, —1) for
1 = 0,1, respectively. The deformation algebra R has the following form

k+kt* Kkt
< kt k+kt2> mod £,

Fp is a relative 3-spherical object over R:
RHom(FRg, F;) = R/M; ® R/M;[—3].

Example 6.7. Let Y C k* be a hypersurface of dimension 3 defined by an equation
xlazg+$§+xi = 0. The blowing up at the origin gives a resolution of singularities f : X — Y
with an exceptional divisor E, which is a quadric cone over P! that was considered in
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Example 5.4. We use the notation Og(a) defined there. We have Kx = f*Ky + E,
OE(E) = OE(—Q) and KE = OE(—4).

Let e = Op(—2). Then e is an exceptional object in D’(coh(X)). Let D be its left
orthogonal complement, and let S be the Serre functor of D. Then F' = Og(—1) is an
object in D. If S’ is the Serre functor of D’(coh(X)), then we have S'(F) = Og(-3)[3].
From an exact sequence

0= Op(—3) = e> = 0p(-1) =0

we deduce that S(F) = F[2].
We construct a non-trivial self extension G of F' as in Example 5.4. G is a verbsal NC
deformation of F over R = k[t]/(t?), and G is a relative 2-spherical object in D:

RHom(G,F) = R/M & R/M[-2].

Remark 6.8. The category D in the above example was already considered in [6] 4.3. The
sheaf G there appeared in [10] 4.13. The construction of tilting generators in [14] can also
be considered as a multi-pointed non-commutative deformation of a collection which is not
simple. See also [13].

We have a similar example in dimension 4, where we obtain again a relative 2-spherical
object:

Example 6.9. Let Y C k° be a hypersurface defined by an equation z12y + x324 + ajg =
0. The blowing up at the origin gives a resolution of singularities f : X — Y with an
exceptional divisor E, which is a cone over P* x P! that was considered in Example 5.5. We
use the notation Og(a, b) defined there. We have Kx = f*Ky +2E, Og(E) = Og(—1,-1)
and KE = OE(—3, —3).

Let e = Og(—1,—-1) and ea = Og(—2,—2). Then (ez,e;) is an exceptional collection
in D®(coh(X)). Let D be its left orthogonal complement, and let S be the Serre functor of
D. Then F; = Og(—1,0) and F5 = Og(0, —1) are objects in D. If S’ is the Serre functor
of D’(coh(X)), then we have S'(Fy) = Op(—3,—2)[4]. From exact sequences

0— Op(—=3,-2) = €2 = Op(~1,-2) = 0
0— Op(—1,-2) = €2 = Op(—1,0) = 0
we deduce that S(Fy) = Fy[2]. Similarly we have S(Fy) = Fy[2].
We construct non-trivial self extensions GG1 and Gs of F; and F5 as in Example 5.5,

respectively. Then G = G1 @ G» is a versal 2-pointed NC deformation of F' = F} @ F5 over

R= k]ft kl;t mod 2. By the vanishing theorem, we have HP(E, Og(a,b)) = 0 for p > 0

if a,b > —2, and G is a relative 2-spherical object in D:
RHOHI(G, E) = R/MZ D R/Mg_i[—Q}.
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